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ABSTRACT : In this paper we use Young s function to define the Bers-Orliicz space as a generalization of Bers
space, a space consists of analytic functions. Moreover, the boundedness and compactness of the weighted
composition operators from a-Bloch space to Bers-Orlicz space on the unit open disk are characterized.
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LINTRODUCTION
Let D be the open unit disk in the complex plane C, and H (D) be the set of all analytic functions on D.
Definition 1.1: Let u: D — (0,1) is a radial weight function, that is, y is a continuous function which is
monotonically decreasing in a neighborhood of 1, and u = u(|z|), le)r{l_ u(z) = 0. The definitions of the Bloch

space %, and the little Bloch space %, on D are:

By = {f(Z) e HD): lIfll5, = £(0) + ggmr))u(z)lf’(zﬂ < oo} 1)
Buo = {f(2) € B,: lim w()|f )] = 0} @

Where %, is a subspace of %,,. Obviously, 4, is a Banach space under this norm. For @ > 0, let
u(z) = (1 —|z|*»)%, then B, is the a-Bloch space #“. When o=1, it degenerates into the classical Bloch space;
ifwelet u(z) =(1—|z/*In we obtain the logarithmic Bloch space %,,4. In [1], [2], [3], [4], [5], more

e
1-[z|?’
information and research about Bloch spaces can be found.

Many scholars have generalized the Bloch space. For example, Fernandez defined the Bloch-Orlicz space

using the Yang's function in [6].

Definition 1.2: Let ¢:[0,00) = [0,0) be an N-function, that is, ¢ is a strictly increasing convex
t

function with ¢ (0) = 0 and lim ﬁ = ltirr(} 0= 0. For a > 0, we define the set &Y as the class of all analytied

function f in D such that:
#2 = {f(2) € HD):sup(1 ~ |20 |Af' ()] < oo} ®

some A > 0 depended by f .

Obviously, in Definition 1.2, we can observe that &% get back the 8% when @(t) = t with t > 0. More
information and research about Bloch-Orlicz spaces can be found in [7], [8], [9], [10]. Since ¢ is a convex
function, it is not difficult to see that the Minkowski’s function:

||f||b$ = inf{k >0:54 <%> < 1} (4)
It is a semi-norm of &Y, and in this case, it is called the Luxemburg’s semi-norm, where:
Spaf) = sup(1=121%) “p(If D) (5)
VAS]

In fact, 8% is a Banach space with the norm If 1l e = IF O]+ lIfl -
Definition 1.3: For § > 0, the Bers space Hg° and the little-Bers space Hy, are defined as follows:

35 = {f@ € HOX: I gy = sup(1 — 1212) f(2) < o] ©
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355 = {f (2 € 36 lim (1~ 121PIf ()1} 7)
z-1
With this norm, #° is a Banach space, and Hz, is a subspace of H°. In [11], [12], [13], more
information about this space can be found.
Inspired by the definition of the a-Bloch-Orlicz space, this paper defines the B-Bers-Orlicz space
0,0,
Hp ™"
Definition 1.4: For any f > 0 and A4 > 0 depended by f, if:

HO = {f(z) € H(D): sup(1 — 121%) plaf ) < Oo} )

Then }fﬁw’(pis called the B-Bers-Orlicz space. Similar to the definition of the -Bloch-Orlicz space, ¢ is a convex

function and a Minkowski function:

1flyeo = inf{k >0:S,, (g) < 1} ©)
It is a semi-norm of 7-[[;0 % where the definition of So,p(f) is the same as that in (1).

Let ¢ be an analytic self-mapping function on D. The definition of the composition operator is related
to ¢, denoted as Cy. It connects the properties in function theory with those on different spaces. For any f(z) €
H(D) and z € I, its definition is:

Cof =fod=f(6() (10)

Definition 1.5: Let u € H(ID) and ¢ be an analytic self - mapping function on ID. The definition of the
weighted composition operator is related to ¢ and u, denoted as uCy, and it is defined as:

uCy(f) = w(@f (¢(2) (11)

Obviously, in Definition 1.5, uCy get back the C4 when u = 1. For research results related to uCy, see
[14], [15], [16].

In [6], Fernandez characterized the boundedness and compactness of composition operators in Bloch-
Orlicz-type spaces; In [17], Yang obtained the necessary and sufficient conditions for the boundedness and
compactness of integral operators from the Zygmund space to the Bloch-Orlicz space and the Zygmund - Orlicz
space. Inspired by scholars such as Fernandez and Yang, the aim of this paper is to characterize the boundedness
and compactness of uCy (f): B - f]-[;o“p.

In this paper, C represents a positive constant, and its meaning varies in different contexts.

II.PRELIMINARIES

To obtain the main results of this paper, we need the following lemmas and conclusions.
Lemma 2.1: [18] For 0 < a < o, if f € #%, then for any z € I, there exists a positive constan C; > 0
such that:

Cullf 1l e, 0<a<l;
2
7 lll D EE——— = 1,
If@l < Cllfllpe = @ 12)
Cillfll 5=
A= |zP)e 1 a>1.

Using the same proof method as in [19], we can obtain the following lemma:
Lemma 2.2: Let ¢: [0, 00) — [0, ) be an N-function, and ¢ be an analytic self-mapping function on D.

The operator uCy(f): B - .’]-[;o"p is compact if and only if uCy(f): B“ > 7-[;0‘4’ is bounded, and for any

bounded sequence {f;,},,ey in %% that converges uniformly to zero on compact subsets of D as n — oo, we have
1im||uc¢(f)||ﬂ;o,¢ =0.

n—-ow

Lemma 2.3: For any f € }f,‘j’"”\{O}:

s A (12)

o ||f||}[;°'<ﬂ -
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Proof: If f € I go *?\{0}, then there exists a monotonically decreasing positive sequence {1,,} such that

for any {A,,}, we have T!LI_IEJ Ay = ||f||}[;°-<ﬂ- And S, 5 (/{—n) < 1 for any n € N. By the definition of S, ; and the

properties of ¢, we know that S, 5 (ﬁ) is monotonically decreasing with respect to k. So:

- f fo\_
Sn=S,p <Z) <S,p W =5 (13)

Since A,, is monotonically decreasing, we know that S, is monotonically increasing and bounded above.
Therefore, there exists S’ such that lim S,, = S". So:

n—-oo
S" = sup{S,} =sup S,z <A£) <1 (14)
n
for any n € N, and:
=S, (16)
Combining (13) and (14) again, we can obtain:
s'<S 17)
By (1), forany f € 7-[;0'(’) and z € D, we have:
zZ ,
5. = 5, (1) = sup(1 — 122)%p ('f ( )') <s (18)
A‘n zeD /17’1.
when n — oo, we have:
If ()] ,
S=5S,5| —— | =sup(1 — |z|)fp| ——|<S (19)
O\ Fllazw ) ™ 2eb O\l
From (14), (17) and (19), we can obtain:
limS, =S"=S=S,; _f <1 (20)
7t P\ Wl

Theorem 2.3 is completely proved.
Corollary 2.4: By Lemma 2.3, for f € 7—[;0"” and any z € D, we have that:

1
< _1< ) o 21
From the definition of the Luxemburg semi-norm and Lemma 2.3, for any f € H, ; A
Spp() =1 Nf@Dlyee <1 (22)

Corollary 2.5: For any z € D, when:
1

(z) =
W o (=)

the B-Bers-Orlicz space is isometrically equal to the ug-Bers space. In this case, there exists an equivalent norm
If @lly2e = sup(1 = |21 |f(2)].
B zeD

Proof: Foranyz € D, if f € J—[;o‘(p\{O}, by Lemma 2.3, we know that:

(23)

(1—z»)Fe AL < (24)
||f||}[;°'<ﬂ
which means:
up@If (@) < IIf(Z)IIH;o.w (25)

By the definition of }3°, we know that f € Hg°, so 7-[;0‘(” € H° , and ||f(Z)||}[§> < ||f(Z)||H;°,<p.

Conversely, if f € }3°, then by the definition of Hj°, we know that:
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1
up(@DIf (2| = » 1 If ()] < IIf(Z)II}[g’ (25)
¢ ((1 - |z|2)ﬂ)

) et — g [ @)
%ﬁQvnw>‘ﬁ$1'”)¢<wm¢>Sl 26)

So ||f(Z)|IH;,°-<ﬂ < Nf @y, Let 2 =

Therefore:

> 0, then Equation (26) becomes:
IIf(z )Il_r,{

sup(1 — |z|?)Pe <|f;_z)|) < 27)
z€eD

By the definition of}fgo"p, we know that f € }[g“p, that is, H3° € 3—[;0“’).
Therefore ||f(z)||H;o.<p = sup(1 — |z|®)#|f (2)|. In conclusion, Corollary (2.5) is proved.
zeD

III.MAIN THEOREMS AND THEIR PROOFS

This section studies the boundedness and compactness of weighted composition operators from the a-
Bloch space to the B-Bers-Orlicz space. By using the methods of complex analysis and functional analysis, the
necessary and sufficient conditions for uCy (f): 8% — H, ;o *? to be bounded and compact are obtained. The main
conclusions are as follows.

Theorem 3.1: Let ¢: [0, ) — [0 ) be an N-function, u € H(ID), and ¢ be an analytic self-mapping
function on ID. Then uCy (f): B* — }[ ?is bounded if and only if:

lu(2)]
K; = sup 1 <o, for0<a<l1 (28)
zeD (P_l( )
(1 —lz»)F
2
[u(@)|In+—7=7z
K, = sup ! 1|¢(Z)| <o, fora=1 (29)
zeD (p—1< )
(1 —|z|»)F
lu(2)]
K5 = sup <o, fora>1 (30)

z€ED -1 1-— 7)|2)a-1
0~ (=) A - 6@

Proof: Sufficiency.

(1) For the case 0 < a < 1, assuming that (28) is true. for any f € #%, combining with the first-term

of (12), we can obtain:

) Gﬂylﬂ) Iuﬁcwmvw@m>
».B C1Kq | f |l 5= ze CiKq|If |l 5a
|vaw@n5
_ B
< sup(l |z|2) <‘P |z|2)ﬁ> [u()|CyIf |l 5o
1 V@@M)
~ 5 » 28
< sup(1 |21%) <(p ( Izlz)ﬁ> ClIf 1l e o
Cillf Il 5o
_ B 1
< sup(l |z1?) <‘P ((1 |z|2)ﬁ> C1||f||.,3“)
< sulo(l— |z1*)F <(p 1((1 IZIz)ﬁ>>
As known from (22):
G fll )| g0 =1 -

Therefore, when 0 < a < 1, ||(uC¢f)(z)||}[§,,q, < CiKq||fll g« < o forany z € D, thatis, uCy (f): B* > f]-[;o'w

is bounded.
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(2) For @ = 1, assuming that (29) holds, for any f € %%, by combining with the second-term of (12),
we know that:

(uC¢f)(Z)> P <|u(z)||f(¢(z))|)
S (clxznfnga = e = e e R T e
<sup(1—|z|®)Pe ‘P_l( 1 - 2 ,8) |u(Z)||f(<§(Z))|
7€D (1—1zI*) C[u(@og 1577 If = 0
2
Crlog =577z If oo
< Sup(l _ |Z|2)ﬁ¢ (,0_1 ((1 — |1Z|2)B> 1 |(§(Z)| B
zeD C110gwl|f||%“
2 -1 1
<2 = (57 (i) <
Which implies that:
(uCsf)(@)
AT GV

Similarly, when a = 1, uCy (f): 8% - f]-[;o‘(p is bounded.
(3) For @ > 1, assuming that (30) holds, for any f € %%, by combining with the third-term of (12), we
know that:

Sop <M> = Slelg(l —z1)F g <M>

AT AT
1 A - 1@ @I (6)|
< sup(l =129 ("’ (= |z|2)ﬁ) R IC I Ty ) )

o (1 = 1) DT If ]y
< sup(1 ~ Izl )B"’("’ (a |z| )B)cl(l—lqb(znzw 1I|f||%aa)

< ilel]g(l —zI?)Pe (‘p_ < — |z|? )B))

Which means that:
uC z
M <1 (33)
ClK3”f”3'/,’“ }[onp
Similarly, when a > 1, uCy (f): B* - f]-[;o“p is bounded.
Necessity.
Suppose that uC, (f): % - I]-[;o *? is bounded. Then there exists C > 0 such that for any f € 8%
1(Cof )@, 00 < Cllf e (34)
That is to say:
uC z
(uCo/)@) <1 (35)
CT Nl
In light of (22):
ucC, z u(z z
(( of )( )) S¢B< (2)f (¢( )))Sl (36)
Cllf Nl e Cllf Il =

(1) For 0 < a < 1, set the test function f,(z) = 1 € $B%, and substituting it into (3.4) gives:
u@fo($(@)\ N IACIO))
Sos < Clfoll e ) = supl —lz| W( Clfol e )
|u(z)|> (37)

sup(1 — |z|?)P e <
zeD C
1
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Then:
lu(2)|
M, = sup 1 <C<o (38)
zeD (P_1< )
(1 —|z|»)F
Therefore, when 0 < a < 1, (28) holds.
(2) For @ = 1, Letting a € D, define the function:
2
fa(Z) = ln—_,z eD (39)
1-¢(a)z
Then:
, lp(a)l
1 -1z)|fe@| = A - |2I)——=—=7<2<» (40)
|1 — ¢(a)z|
This implies that f,(z) € %% and ||f,(2)|| 4« < 2 + In 2. Substituting f, (z) into (36) gives:
U(Z)fa(¢(Z))) <Iu(Z)I|fa(¢(Z))|)
Spp|—— ) =sup(1 — |z|D)fp | —— | <1 41
os ( S TATE A SR WA T @0
Then:
(@) ][ ———
[u(a)lfa(¢p(a) ) 1-1¢@)|*
1-lal?)# (—:1-a23 <1 42
S e T PP SR R T 2
So:
][ ——
1—-|[¢p(2)|?
— PO < Cllall e < o (43)
¢ ((1 - |a|2)ﬁ)
Since a € D is arbitrary, thus we say that:
2
[u(@) | In+——7=73
sup 1 1|<l>(Z)| <o (44)
a€eD (,0_1( )
(1 —lal®)F
Therefore, when a = 1, (29) holds.
(3) For the case a > 1, Letting a € D, define the function:
1
fo2) = ——7=5,2€D (45)
(1-¢(@z)
Indeed, it holds:
, (¢ —D¢(a)
(1= 1z fa@)| = (1 = |21 |———=F| < la = 1]2% < (46)
(1 — ¢(a)z)
This implies that f,(z) € 8% and ||f,(2)|| 5= < |a — 1|2% + 1, Similarly, substituting f,(z) into (36) gives:
lu(a)l
sup < oo “47)

1
e g1 (W> 1 -lp@)|®)*?
Therefore, when @ > 1, (30) holds.
In conclusion, Theorem 3.1 is fully proved.
Theorem 3.2: Let ¢: [0,00) — [0, 00) be an N-function, u € H(D), and ¢ is an analytic self-mapping
function on D. Then uCy (f): B* — }[;o"pis compact if and only if: uCy(f): B* —» }[;O’q’ is bounded and:

: lu(2)|
lim =0, for0<a<l1

P (z)-1 _1( 1 )
¢ \a-T1zpF

(48)
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u(2)] In+— 2
lim 1= 1@ =0, fora=1 (49)
$(z)~>1 (p_1< 1 )
(1—|z|?)F
lu(2)| _0, fora>1 50)

lim
P21 _ 1 o
(=) O - @R

Proof: Sufficiency.

Suppose that uCy(f): B* — 7-[;0 ? is bounded, and (48), (49), (40) hold. Let {f,} be a bounded
sequence in %% that converges uniformly to zero on the compact subsets of ID. Then there exists K > 0 such that
i‘ég”f””%“ < K. By Lemma 2.2, to prove that uCy(f): 8% — 3—[;0“’) is compact, it suffices to show that

,lli_r,?o”(u%)(f)”}[;’"” =0.For 0 < r < 1, obviously:

1
||(uC¢f)(Z)||H;o.¢ = SU A = 2P |(uCyfo) @]

(lu@||fa(6@)))

=SUp————5 T
Seh 9 1((1 — [2DP)

1
= oSS ST (lu@l|fu(d@)])

(6D

ool A=) (u@I|f(6@)])

(1) By Theorem 3.1 and the boundedness of uCy (f): 8% - H, ;0 Y we prove that (28) holds when
0 < a < 1, thatis K; < oo. From the fact that (48) holds, for any € > 0, there exists 0 < r; < 1 such that:

lu(2)|
o7 (m)

< g, whenever ¢(z) >n (52)

Dueto Lemma 2.1, when 0 < a < 1, fn(q.')(z))| < C1||fn(¢(z)) s SO
lu(2)|
C op = A CK——
1ol = i, SR EON S SR GTT—1P) (53

< sup K1|fn(¢(z))| + C;Ke
{zeD:|p(2)|s7}

Since {f,,} converges uniformly to zero on the compact subsets of I, that is, lim sup fa (qb (z)) = 0. So,
N> {zeD:¢p(2)|sr1}

by the arbitrariness of €, we conclude that:
lim || (uCy f)(z)||}[go,¢ =0 (54)

n—-oo
By Lemma 2.2, when 0 < a < 1, uCy (f): 8% - }[;o‘(p is compact.
(2) By Theorem 3.1 and the boundedness of uCy (f): 8% — H, ;o Y we prove that (29) holds when
a =1, that is K, < oo. From the fact that (49) holds, for any € > 0, there exists 0 < r, < 1 such that:

Ml n g

¢ ((1 - |z|2)ﬁ')
For the case @ = 1, by Lemma 2.1, | f,(¢(2))| < C,||fu(¢(2))

< g,whenever ¢(z) >r, (55)

< In ;, SO:
2% 1-19(2)|?

il oy
C o = K. + CiK
[¢ ¢f)(z)”}[ﬁ ® {zE]])):ls<;l(E)|srz} AAC) {ze]D):ls(pu(Iz))|>rz} o 1((1 - |212)B) (56)
< sup K2|fn(¢(z))| + C;Ke
{zeD:|¢p(2)|sr2}
Similarly:
I sl = 0 57)
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By Lemma 2.2, when a = 1, uCy (f): 8% - }[go"p is compact.
(3) By Theorem 3.1 and the boundedness of uCy (f): 8% — H, ;o Y we prove that (30) holds when
a = 1, that is K3 < co. From the fact that (50) holds, for any € > 0, there exists 0 < 13 < 1 such that:
lu(2)
1
-1 _ 2)ya—-1
0 (=) A~ 2@

1|l fn(@)|| 4 s
(1-1¢p2)2)*-1°

< g, whenever ¢(z) >3 (58)

For the case @ > 1, by Lemma 2.1, |, (¢(2))| <

lu(2)|
I ¢f)(z)”}[5 v {ze]]}):lsd?(g)lsm} sl(e@)] {ZED:|S<¢?(E)|>T3} T A-19@I)* (1 - 1212)F) 5.9y
< sup  Ks|fo(d(2)| + C1Ke
{zeD:|¢(2)|sr3}
Similarly:
lim [|(uCy )@l 200 = 0 (60)

By Lemma 2.2, when a > 1, uCy (f): 8% - f]-[;o"p is compact.

Necessity.
Suppose that uCy(f): B* — }[;o'(p is compact. Obviously, uCy(f): B* — }[;O'(p is bounded. Let

{z; }xen be a sequence in D such that ’lim |$(z,)| = 1. According to the definition of the Bers-Orlicz space, we

have:
1
||(uC¢f)(Z)||}[;°'¢ = Su]g 1( 1 >|u(z)f(¢(z))|
VAS] (p—
| *\a-ery 6
> |uG)f ()
v <(1 - |zk|2>ﬁ>
(1) When 0 < a < 1, define the function:
1-— 2
fu) = L 12@Il (62)
1= ¢(z)z
Then:
ale _ « 2@ —p(z)I?) a
= 2P| fu@] = Q= 12 | =g S 7 | <47 <« (63)
Therefore, f; ,(z) € B%. Moreover, for any k € N, on the compact subsets of D, we have:
; 1 le@IP
kglgofl’k(z) = lim ——=0 (64)

21— ¢(z)z
That is, f; ,(z) converges uniformly to 0 on the compact subsets of . By Lemma 2.2, lim || (uC¢)(f1,k) ||}[°o,¢ =
n—-oo ﬁ

0. Substitute f; ,(z) into (61):

1
||(uC¢f1‘k)(zk)||}[;o_,,,2 » 1 [u(z)fii (¢ ()
¢ (—(1—|zk|2_)a)
[u(z)|

o ()
¢ \a=-TzP*
So, when 0 < a < 1, (47) holds.
(2) When a = 1, define the function:

2 g 2 -1
=11 — 1
fz,k(z) ( n 1— d)(Zk)Z> < n 1— |¢(Zk)|2> (66)
According to [17] for any a € D:

(65)
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-1

GO YR T &
T—az\"1—a/\"1-ap) |S1-17 (
So:
2¢(z,) 2 2 -1
A =12)]f,, @] = @ =121 || (1 ———] (in )
2,k | 1—¢(zp)z 1— ¢(zp)z 1—1¢(z)|? (68)
2(1 - |z|*)
<—— <4<
1—|z|
This implies that f, ,(z) € #%. Forany k € Nand |z| <r < 1, as k = oo, we have:
2
2 2
In +C
1—-9¢(z4)z —
|fox ()] = ¢2( k) < ( L r2 ) -0 (ask - ) (69)
1 1
TGP T T-16@IP

That is, f; . (2) converges uniformly to 0 on the compact subsets of D. By Lemma 2.2, lim|| (qu,)(fz‘k) ||H°o,(p =
n—-oo B

0. Substitute f, (z) into (61), Similarly, when & = 1, (48) holds.
(3) When a = 1, define the function:

1-— 2
fon() = lp(zi)|

a (70)
(1 - ¢(Zk)z)

Then:

ap(z)(1 — | (z)]?
(A= 1229 |f, )] = 1 = [y |22 1P CIT)
‘ (1 - ¢(Zk)z)
_ A 12D+ 12D 0~ 9D + 19 (z0D) (71)
- (1 - 1pz)DA —|z)®
< a2l < oo
Therefore, f3,(z) € #B%. Moreover, for any k € N, on the compact subsets of D, we have:

_ 2
im 1@ 72)

e (1-9Gz)

That is, f3(z) converges uniformly to 0 on the compact subsets of D. By Lemma 2.2, lim || (uC¢)(f3’k) ||H°o,(p =
n—-oo B

0. Substitute f3;(2) into (61), Similarly, when a > 1, (49) holds.
In conclusion, Theorem 3.2 is fully proved.

IV.CONCLUSION

Compactness and boundedness are very important properties for function spaces. In this paper, the Bers-
Orlicz space is defined. The exponent a is divided into three non-overlapping parts. By using the methods of
complex analysis and functional analysis, the necessary and sufficient conditions for the boundedness and
compactness of uCy (f): B* - H, ;o * in different parts are obtained. However, this paper only studies the general
weighted composition operator, with a relatively narrow scope. Further research in this paper could focus on the
generalized weighted composition operator, aiming to find out under which conditions the generalized weighted
composition operator is bounded and compact in the Bers-Orlicz space.
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