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Abstract: In the present paper, a common fixed point theorem for five self mappings has been proved under
more general t-norm (H -type norm) in Menger space through weak compatibility. A corollary is also derived
from the obtained result. The theorem is supported by providing a suitable example.
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I.  Introduction
Fixed point theory in Menger space can be considered as a part of Probabilistic Analysis, which is a very
dynamical area of mathematical research. Menger [1] introduced the notion of Menger spaces as a
generalization of core notion of metric spaces. It is observed by many authors that contraction condition in
metric space may be exactly translated into PM-space endowed with min norms. Sehgal and Bharucha-Reid [2]
obtained a generalization of Banach Contration Principle on a complete Menger space which is a milestone in
developing fixed-point theorems in Menger space and initiated the study of fixed points in PM-spaces. Further,
Schweizer-Sklar [3] expanded the study of these spaces.
Mishra [4] introduced the notion of compatible mappings in PM-space. Jungck [5] enlarged this concept of
compatible maps. Sessa [6] initiated the tradition of improving commutativity in fixed point theorems by
introducing the notion of weakly compatible commuting maps in Metric spaces.
In the present paper, using the idea of compatibility, we have proved a common fixed point theorem for five self
mappings in Complete Menger space and an example is also given to illustrate our proved theorem. Also we
have deduced a corollary from main theorem.

I1.  Preliminary Notes
In this section, we recall some definitions and known results in Menger space.
Definition 2.1 A distribution function is a function F:[—=,%] — [0,1] which is left continuous on R, non-
decreasing and Fl—=) = 0,F(=) =1,
Let A= {F:Fis distribution function} and H € A (also known as Heaviside function) defined by
0ify<0
Hy) = {1 if y= 0
Definition 2.2 A triangular norm (shortly t-norm) is a binary operation on unit interval [0,1] such that
vp, g.7.s € [0.1] the following conditions are satisfied:
o tla1)=a:
o tla, ) =tlh,al;
o tla, k) =t b) whenever a =< rand b = s
o tlatldr)) =¢tltla v, ).
Example 2.3 The following are the four basic £ -norms:
i. The minimum ¢ £ -norm : t, (a. b) = min{a, b}
ii. The product t-norm: t,, (a, b} =a.b
iii. The Lukasiewicz t-norm: t;(a. b} = max{a + b — 1,0}
minia, b} if max{a, b} =1
0 otherwise '
In respect of the above mentioned norms, we have the following ordering:
tp <t <itp <t
Definition 2.4:- The ordered pair (V. G) is called a probabilistic metric space (PM-space) if ¥ is a non- empty
set &= is a probabilistic distance function satisfying the following condition:¥a. b, ¢ € ¥ and .5 = 0,
i. GE_;,{T] =0 =a=h;

iv. The weakest t -norm, the drastic product; t5 (a. b) = {
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ii. Gc_a.(ﬂ:] =0;

i, Guplr) =G olr)vr = 0;

iv. Gpelr) =160l =126, +s)=1

With the following additional condition, the ordered triplet (¥.G. ) is called Menger space if (¥.G) is a PM-
space, t isa t -normandva. b.c € ¥V and r,5 = 0,

Vo Goplr +9) = (6, .().6,5()).

This is known as Menger’s Inequality (Schweizer and Sklar [3]).

Preposition1. Let (¥.d) be a metric space. Then the metric & induces a distribution function G defined by
Gyo(®) = H(t — d(u,v)) vu,v € ¥ and ¢ = 0, (Sehgal and Bharucha-Reid [2]).

If t -norm is given by, t{a,b) = minia, b} va, b € [0,1] then (V. G.£) is a Menger space. Further, (¥, G, t) is
complete Menger space if (¥.d) is complete.

Definition 2.5 Let (¥. . ) be a Menger space and t be a continuous t -norm.

I. A sequence {y,} in (¥.G.t) is said to be convergent to a point ¥ € ¥ if for every & = o and 1 = 0, there
exists an integer N=N(z 4) such that 3, € U,(e.A)vn =N or equivalently G, ,(g) =1—1wvn =N,
where U, (s, 1) = {v € ¥: G, () = 1 — 4} is (5 1) neighborhood of ue ¥ and 4 & (0.,1).

II. A sequence {¥,} in (¥.G.t) is said to be Cauchy sequence if for every # = o and 4 = 0, there exists an
integer N=N(z. 4) such that G,._,. (£} =1 —1 vn,m = N.

I11. A Menger space (¥, .t} with continuous £ -norm ¢ is said to be complete if every Cauchy sequence in ¥
converges to a point in ¥, (Singh et al [7]).

Definition 2.6 In a Menger space (¥.G.t) two self mappings F and F, are said to be weakly compatible or

coincidentally commuting if they commute at their coincidence points, i.e. if

F,(y) = F,(y) for some y € Ythen F, F, (y) = F, F, (y). (Singh & Jain [8]).

Definition 2.7 Two self mappings F, and F, in a Menger space (¥.G.t) are called compatible if

G,y mr (p0 B) = 1¥ £ =0, whenever {y,} is a sequence in V:F(y)Ely)—=y for

some ¥ € ¥, as n — = (Mishra [4]).

Preposition2. In a Menger space (¥.G.t) two self mappings F, and F, are compatible then they are weakly

compatible. But converse of the above result is not true (Singh & Jain [8]).
Illustration of converse part with example:
Example 1 Let (¥.d) be a metric space ¥ =1[0.3] and (V.G.t) be the induced Menger space

withG, (t) = H(t — dla, b)), ¥ a, b € ¥ and vt > 0. Define self maps F; and F; as follows:

-y ifl=y<=2, p—1if0=<y= 2,
Flm:{s }iﬁzgigs,andﬁm:{; 5::25;5&
Take ¥ = 2 — lfm. Now,
Gr iy @) = H (t - (lfm}); therefore limy, . Gr, (y,0.2(8) = HE) = 1.
Hence F, (¥,) = 1 as m = =. Similarly, F; (3,) = 1 as m = =. Also
Gty () (8 = H(E = (2D ). limp oo Gpp 0y 3 o (3 () = H(E— 2) # 1,98 > 0.
Hence, the pair (F.F;) is not compatible. Also set of coincidence points of F, and F, is [2.3]. Now for any
ye[23LF () =E(y) =3,and EF(y) =FK@3) =3=F@) =EF(y). Thusk and E;  are weakly
compatible but not compatible.
Preposition3. In a Menger space (¥.G.t), if tla.a) = ava € [0,1], then tla.b) = min{a. b} va, b € [0,1].
(Singh & Jain [8]).
Lemma 1 (Singh & Pant [9]) Let {¥,} be a sequence in a Menger space (¥, G.£) with continuous t-norm and
tla.a) = a. Suppose ¥a € [0,1], 3¢ € (0.1): ¥t = 0 and n € N,
Gy, ey €)= Gy oo (£). Then {3, is a Cauchy sequence in ¥, (Singh & Pant [9]).
Lemma 2 Let (¥.G.t) be a Menger space. If 3c € (0.1) such that for a.b € V. G, 5 (ct) = G, (t). Thena = b,
(Singh & Jain [8]).

I1l.  Main Result
Theorem 3.1 Let F.F.F.F, and Fgare self mappings on a complete Menger space
(v, G, thwithtla,a) = ava € [0,1], satisfying:
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() R ERER.FCF:
() BF; =RAR.EF =FRE.RE = KEFR.EF; =FE;
(1) Either F or F; is continuous;
(IV)(F,. &) is compatible & (F.F, F,) is weakly compatible;
(V) 3ce (04
Gyt (0 €)= min{Ge o2 (2000 Croratinrn ) Grymatie, (@ @) Gryta s (2

— a)y)i Gyt rrm W} Va.beV; a e (0,2) &y = 0.
Proof: Let ¥, € ¥. From condition (1) 3y, 3z € ¥:
F(y)=FRF () =2z and
IACERACY S-S
Inductively we can construct sequences {y,} and {z,,} in ¥ such that
Fy(yzn) = FF (yapyy) = 22 and
Fs(nssd =F(yapyg) = 2304, forn=0,1,2____ _
Stepl. Putting @ = ¥25. B = ¥ap.0.& =1 — gwith g € (0.1) in (V), we get
GF,[J.'zﬂJ_Fs[J.*h_ﬂ I:':'J":]

z ME“{GE[J:EJ.F a0z )5 G Py (e y) ez en) ) G LBy g ) Py 32 (@

— @)¥): Grytyp Felyanen) (L4 @Y): Grty 0 FiFa3ma0 00 (1)
= me.xm_i':c‘}?] = miﬂ{cxzn—i.fzu(y]: 5321!.321!—1{}?]: L 5321!—1.32“—1{{1 + qj}’}l zen—j.xzn{y]}

= miﬂ{ﬁfzu—iﬁzn {}’]i zen.fm—it}?]: zeu—i.xzn {}’]i zen.xm—itqy]}
== miﬂ{azm—i.xzw {j‘?]: me.zmﬂ{y]: me.xm—iliqy]}
As t -norm t is continuous, letting g — 1, we get;
me.zm—i {E‘}?] < min {sz—i.xm {j’]i me.zm—i {3‘?]: sz.xm—:t{}r]}
= miﬂ{ﬂxm—i.xm {T] ; 5321:.321:—1 {T]}

Hence, GKZT!FZH—i{Ey] = miﬂ{gxzn—i.xzn{y]: 5321!.32‘1!—1{}?]}
Similarly,Gz, ., z,,., €y} = miﬂ{ﬂxmxm_ilf}f]: Gy
szxﬂ_ilic}’] = min {Gzﬁ_ilzﬂ {T]: Gxﬂlx“_,_{yj}
Consequently, Gz, -, ) = miﬂ{ﬁxﬂ_ilxﬂ (G ) N
By repeated application of above inequality, we get:
Gz, ) = min{G, ;€790 G, ;. ™™y}

m_,_xm_zli}f]}. Therefore, for all n even or odd we have:

G

Since ;.

nEns1

(c~™y) =1 as m — =, it follows that
Gy ) 265, (W) VR EN&VY =0

Therefore, by Lemma 1, {z,,} is a Cauchy sequence in ¥, Which is complete. Hence {z,} —= z € ¥. Also its sub-
sequences converges as follows:

Foyp N —=zand (EFE(yy  J} ==

By Cyan 2} = z and {F; ()} — 2

Case I. F; is continuous.

As FE is continuous, (E)*(y,) —=Fz and (R)F(yw,) = E(z). As (F.E) is compatible, we
have Fy () (yzn ) = i (2).

Step2. Putting @ = F; (y2,). 5 = ¥, .1 with @ = 1 in condition (V), we get:

GF: ':Fa[J-‘Zn:'J-Fs ¥zl {Ey]

{Gl‘_a (Fs e Fa(Falyzn)) O Gy ) Flpamen) 0GR, P (e ) Fo(Falyzn) ':J’Ji}

= min
Gfaffa[}‘zn:']fs[}‘zn-lj ':_?] : Gl‘_a (F3(yzn) ) F1Fz¥zner) {Jﬂ

(2)

Letting n—+ = we get

Gr.t12(ey) = min{Gr ) p0 0% GO Gomytn ) Grinn2(0): e (0],
i.e. Grnzley) = Gp . (3). Therefore, by Lemma 2, we get

F(z) ==

Step3. Putting a = z, b = w4y,.,4 with @ = 1 in condition (V), we get:
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G, (2) Falyaney) €]
Gry (o) Fy )V CE ps iy ) Falyaney) O CE Falyay . ) F ) ':Jﬂ:}

= min
{ Gro (2 Felyaney) V) GEy (2 F Py lyaney) V)

(3)

Letting n— = we get

Grym2(ey) = min{Gz,0 00 Gr2)i 6oy O Go2()s G2 ()}, e.
Gr, (=12 (6¥) = Gp 12 (3), which gives F; (z) = z. Therefore 3 (z) = F,(z) = z.

Step4. Putting @ = F, (z).b = w,,., with @ = 1 in condition (V), we get:

GFy(Fale))Fslyzney) (ey)
GFE [:Fz LF:':]_F,l:le'_xj:] {Fl GFIFZ[J"ZTL—I 1Fg(yznsy) {J‘F] i GF1.F2[J-‘21|.—1 :'.-F:[Fzrj:':] [JF]'}

> min
{ GEo(Fy(2)) Felyaney ) Vi Gryta) FyFym ()

(4)
As
EF, =FF, RF, =EF, sowe have K (F,(2)) = K(E@) =F(@ and K (£) = R(£®) =F ().
Letting n— == we get:
Cry i (@) 2 min{Cry ) 2,00 00 G2 0)i oy 00 Goytar2 00 Gy a0}, e,
G, i), (5 (6¥) = Gt 5.05 () Which gives F; (z) = z. Therefore,
FE@=EGE =FG ==
Step5. AsF,(Y) c EE(¥),3ueV:z=EF(E =FF .
Putting @ = ¥;,. & = u with @ = 1 in condition (V), we get:
G, (ysp) Folw) V)
= min{Gr iy, 15,000 3 Grr, e O Crr £y mn O Grytyn et W Gry 087,00 00 (5)
Letting n—+ == and we get:
Georyi (oy) = min{G, ,(): Goptw 00 Goz(0): Gy o O G} ie.

G rtw) (€)= Goprw (). Therefore by Lemma 2, F;(w) = z. Hence R F, () =z =F;(uw). As (R, F,F) is
weakly compatible, We have F, Fy F; (u)} = F;F, F, (u) . Thus, R F, (z) = F; (w).
Step6. Putting & = ¥;,. 5 = = with @ = 1 in condition (V), we get:
G, (ysn).Falz) (€Y
= min{Gr iy, 15,00 3 Grr, 151 0 Gr i, 5,030 O Grytypa) 0 Gy, 5, p,020 00 (6)
Letting n— == and using equation we get:
Goretzy (o) = min{G, ;) Goiarmin) O Griarz 00 Gomin) ) Gomray ()} e
Gx-_;_-ngj{F}’] = Gx_rstJ(T]' Hence, F;(z) = =
Step7. Putting @ = ¥;,. b = F, (z) with @ = 1 in condition (V), we get:
G lyp) F5(Fy ) (€)

G, (y2) Falyzn) 305 GR (0 F5(Fy (20) ) G op, (F,y (20) F () ) :}

Cratyzn) Fs(Fr2) 0 Gty F o (£ () ()

AsFF, =F,F, and F, = F,F; We have F;F, (z) = R, F;(z) =F, ().
Letting n— ==, we get:
Gx__;-ing(E‘}’] = miﬂ{sxx{}’ji Gring_;-ing(}’]: G;_—ingx(j’]i Gz_;-ing{}’]: Gg_,-_-imf\y]} i.e.
Gzp, (21 (€¥) 2 Gy p 021 (¥). Therefore, by Lemma 2, £ (z) = z. Hence,
R =FGE =E(E=FiE=FKE ==
Thus we obtain that = the common fixed point of the five maps in this case.
Case Il. F; is continuous.
As F, is continuous, (F,)*(yy,) — F,(2) and (R () - F(z). As (F.E) is compatible, we have
F(F(2) —» E,(2).
Step8. Putting @ = F, (3, ).b = %,,,; with @ = 1 in condition (V), we get:

(7

= miﬂ{
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GF: (Falyzn)Fsl¥zn a1l {Ey]
> min {Gl‘_a (Farnd e (Falzn) O G R R Felizmen) 0 GFLF (e ) Fo(Folyzn)) O }
Gfa[alfs[_'l-‘zn— 1 {}T]i Gfa (Falyzn) ) F1Fz(¥ansr) ':}?]
Letting n— ==, we get:
Gﬁ,[xﬁ'_z{c'}’] = miﬂ{sﬂ[x}_ﬂ[x} {T]: Gx_x{}’]: Gx_r-],[x) {T]: GF4,[23_3{T]: Gr-][xlx{y]}; i.e.
Gr,t212(6¥) = Gg .2 (¥) which gives F, (z) = z.
Now steps 5-7 gives us F, (z) = F,(z) = R (z) = F,E(z) =z,
Step9. As (V) c R (z) 3weViz=FE(z =Fw).
Putting @ = w. & =,y with @ = 1 in condition (V), we get:
G, (w) Fslyagay) €V
Gry ) oo O Crip iy ) Falyanay) 00 GE Fatys )840 ) :}

Gryw) Falyaney) 3 GEL ) FyFalyaney) V)
Letting n— =9, we get:
Gﬁ[wlx{c}’] &= min {Gx_n[w) {T]: Gx_x{}’]: Gx_ﬁ[w) {T]: Gx_x{}’]: Gx_x{}’]}: ie.
Gr, .z le¥) = Gy (), which gives F(w) = z = F (w).
As (F, (w), F, (w)) is weakly compatible, we have F, (z) = F(z). Also R F; = F,F.F,(z) = =
So,z=FF(z) =FRF(z) =F(z).
Hence, F, (z) = F,(z) = F,(z) = F,(z) = F.(z) = z. and we obtain that =z is the common fixed point of the five
maps in this case also.
Uniqueness: Let = be another common fixed point of F . F;. 5. Fy and Fz: then
Flv) =Fv) = F(v) = F{v) = K, (v) = ». Putting & = z.b = v with @ = 1 in condition (V), we get:
G, 20400 (€Y)
= min{Gr 15,0 0 Grr, 0820 ) Grop im0 V) Gryn e O Gyt p. 0] (10)
G p(ey) = min{G, .3 6,,); G0 G, ,(); G (M }ie
Gz ley) = G ,(3); which gives z = v. Therefore, z is unique common fixed point of £, F;. F;.F, and F;.
If we take F; = I, the identity map on ¥ in theorem 3.1, then we get:
Corollary 3.2 Let F.F;.F,and F; are self maps on a complete Menger space (¥,G.t) with
tla.a) = av a € [0.1], satisfying:
() E¥)CFrLE(¥ICF(¥)
() B F; =FH.
(1) Either F; or F; is continuous.
(IV)(E.E) is compatible and (%. F,} is weakly compatible.
(V) There exists ¢ € (0.1):
Gt 0 €)= min{Ge 2,200 Grutirain 00 Grye (2 (@) Gyt e (2

—a)y): GrwewmWvabeV.ae(0.2) and y = 0.

Then £, F;., Fy and F; have a unique common fixed point in ¥.
Now we provide an example to illustrate our proved theorem 3.1:
Example 3.3 Let ¥ =1[01] with the metric d defined by dfa,b)=Ila—bl and define
Gap(#) =H(t —d(a.b)) va.b e V.t = 0. Clearly (¥.G,£) is a complete Menger space where t-normt is
defined by t{a.b) = minla, b} va.b € [0,1]. Let £, F,. Fs.F, and Fz be maps from ¥ into itself defined as
FEG)=y.R() =1.REG) =1.E() =0.FK() = vy € V. Then

(8)

= min{

(9

1 1 1
F)=1{0}c [n, E] =FE() and E(Y) = [D,a] c [U’F] =F,(¥).
Clearly FRFE =EF.FEF, =EF,EE =EF,FF, =FF and F.Fare continuous. If we take
o =§ end v = 1, we see that the condition (V) of the main Theorem is also satisfied. Moreover the maps

F,and F; are compatible if lim,..¥, =0. where {w,} is a sequence in ¥ such that
limy_eF () =0 = limy_. F (3,) for 0 € ¥.The maps Fzand F. F; are weakly compatible at 0. Thus all
conditions of the main Theorem are satisfied and 0 is the unique common fixed point of ;. F;. F3.Fy and Fz.
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