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Abstract

In this paper, we have established various integral formulas involving product of Aleph function with exponential
function and Gauss's hypergeometric function. The integral formulae evaluated here are of general in nature and
may be viewed as Euler transform of the Aleph function multiplied with exponential function and Gauss
hypergeometric function. Several new and known results can be obtained as sepcial cases.
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contour integral.

. Introduction
The Aleph function which is a general higher transcendental function was introduced by Stdland [10,11]. The
notation and complete definition in terms of Mellin-Barnes type integral is as follows :

a, A | la A
N[Z]:Nr;.’g.,ri;r[z]ZNE’,Z,,T,W Z( J J)l'n[ ( : J)l‘*lvpi;r
(bj B )1,m ’[Ti (bji’ B )}mu,qi;r
1 m,n

=5 Q0 i (s)z7ds (1.1)

for all z= 0, where @ =+/—1 and

]m[r(bj + Bjs).ﬁr@—aj ~As)
Qr’;]i’vr;ivfi;r (S) = r j:ti =

2allr(a+As). lq_[ [(1-b; ~B;s)

i=1  j=n+l j=m+1

(1.2)

Here, L is a Barnes path of integration. The integration path L=1L, ,, » € R, starts at y —aooand runs to
Y+ @ in the s-plane, curving if necessary in such a way that the poles of the gamma functions

F(l—aj - Ajs),j =1, 2...n, do not coincides with the poles of the gamma functions l“(bj + Bjs), j=1...m

. All poles of (1.2) are assumed to be simple and the empty product is taken as unity. For i = 1,...,r, the parameters
7, are positive integers and the parameters [, , (; are non-negative integers with 0<n< P, ,OSqui . The

parameters &, bj Va5, bji are complexand A, B;, A, B;; are positive numbers. The integral (1.1) exist if the

following conditions are satisfied :

¢ >0, |arg(z)|<% =L r, (1.3)
¢,>0, |arg(z)|<%¢§i ; Re{y,} +1<0, (14)
where
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¢ = ZA+ZB —T(ZA+ZB] (1.5)

j=n+1 j=m+1
Zb Za+r[2b—ZaJ+ —q);i=L..r, (16
j=m+1 j=n+1

By taking 7, :1,(| =1....., I’) , the Aleph (X)- function (1.1) reduces to I-function [7].
(aj ! Aj )1,n P ! (aji’ Aji )n+l, p;
Iir)n: [Z]:Nrr:gi-l:r z |
(bj ! Bj )1,m T ! (bji’ Bji )m+1,qi
1

=], QY (s )z*ds, (1.7)

where the existence conditions are given by (1.3)-(1.6) and Qr;”; Lr ( ) is given by (1.2).

Forr=1and 7, = 1, we get Aleph function in the form of Fox's H-function [2] :

(a.A)

m,n _amn
Hpvq [Z]_Npiv%vl;l z b B
( i J)

1 Q" .(s)z7ds 18

D@L Peatl (18)
where the kernel Qp. g 11 is defined by (1.2)
The H-function is a generalization of Meijer's G-function which is further generalization of hypergeometric
function | F,.

The hypergeometric function F is defined as [4, p 45, chap 4]:

n

F(ab;c;z) Z (1.9)
n=0 nt

where c is neither zero nor a negative integer and (a)n ,(b)n ,(C)n are Pochhammer symbol [4, p22, sec 18]
defined by

I'(a+n

(a) :g =a(a+1)....(a+n-1),neN
" T(a)

and (a) =1, a=0
For detailed study of these Special functions, refer to [3, 6, 8, 9].

1. Main Results
In this section, we derive integrals involving product of the Aleph function with exponential function and Gauss
hypergeometric function.

First Integral :

= ) e [ i ()
(ai’Ai)i,n [ (aj"A'):|n+l,pi;r
(bi’BJ’ )1,m [ (bJ"B ):|m+1,qi;r

x N oz (t=x) dx

Pi Gz ¢
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:e—yitp+0'—li \ (a)k (ﬂ)k i yn_k t(&+r-Dken
el k! (n—k)!

(1-p—&k, ,u),(l—a—(n—l)k—n,v),

o5 00 B)]
)Llpr } o

(1—p—0'—(§+77— )k n,,u+v)

m,n+2 Y723
Np+2q+1r r|: t

provided the following existence conditions are satisfied :
1) & and m are non-negative integers such that & + n> 1,
(2) > 0, v> 0 (not both zero simultaneously),

3) ¢>0,y, <0; |arg z|<%¢iI 7,V i=1,... r
where

¢ = ZA+ZB—1[ZA+ZBJ

j=n+1 j=m+1

v, = Zb Za +r[2b” Za“}r -q),

Jj=m+1 j=n+1

@  Re (p)+,u min [Re(bj/Bj)} 0,

1<j<n

Re(p)+v min [Re(bj /B, )}> 0.

1<j<n

Proof :

Ilz.[; X" (t- x)"f1 e‘y‘e“’x)yzFl[a, Biyicext(t- x)”}
(aj ! Aj )1,n ’|:Ti (aji’ Aji ):|n+1, pisr
(bj’ Bj )1,m ’|:Ti (bji' Bji )j|m+1,qi;r

x N0zt (t-x)

dx (2.2)

we know that

t x)y Z (2.3)

using (2. 3) (l 1) and (1 9) in (2.2) we have

et [ Y S ), e ()

n-0 nt i3 (7)k
x{ L IQ';: L (8)77X “S(t—x)vsds}dx

2wt
cx (t - X)77k+n y"

_e N txp—l ¥ AN (a)k(ﬂ)k LA
=e [ X7 (t-x) Z(;kz(; ). k!

n!

o 5 () " o e

27w
Using the following identity [4 , p 56, Lemma 10]
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S Y AKN) =YY Ak.n—k) 25)

n=0 k=0 n=0 k=0
in (2.4) we get,
k+n—k n—|
| = e—ytJ"tXp—l (t— X)U—li . (a)k ('B)k c'x* (t_x)’7 y ‘
1 0 =i (), k! (n—k)!

x{ L J'LQr;‘i'y’;i,ri;r(s)zSx”S(t—x)VSds}dx (2.6)

27@

On interchanging the order of integration and summation which is justified under the conditions given with the
result (2.1), we obtaln

iy k yn—k 1 B
I =€ ZZ k (n k)l 271'(0". Qpinivfiir(S)Z

n=0 k=0

prk—us (¢ o+(n-1)k+n-vs-1
X {Io X (t X) dX} ds 2.7)
Evaluating the inner integral in (2.7) by means of the beta function B (p, q) formula

topt 9L oo L pigd . e
[ X" (t=x)""dx=t"""B(p,q); min(Re(p),Re(q))>0,  (28)

we observe that
Ilze—yitp+a—1i . (a)k(ﬂ)k Ck yn_k t(§+77—l)k+n
n=0 k=0 (7/)k ki (n k)
XLI () F(p+§k_ﬂs)r(o-+(n_1)k+n_vs)Z‘St’(””)sds

' T(p+o+(E+n-1)k+n—(u+v)s)
Using (1.2) and mterpretlng the contour integral by (1.1), we get
k n-k

2wt

| — yItp+0'—l C y t(§+77—l)k+n
~° Z}% K (n—K)!
(1—p—§k,,u),(1—0—(77—1)k—n,v),(aj,Aj)ln,[Ti(aji,Aji)} )
X NP e | 2t ' R

(b;.By),,, [ (0sBy)] . (1-p=o=(&+n-1)k=n u+v)
Corollary :
I;x"‘l(t—x) XyF[aﬂyCﬁ (t—x)"

X)‘V (ai’AJ)l, [ (a A )]Mpi;r
(bi’ Bi) '[Ti (bji’ B;; )]M’qﬁr

a) k yn—k ~
— yttp+0 -1 k t(§+17 1)k+n
~eren S S

XN?++212+2” zt A (ai’Ai)1, [ (a”’A )n+1,pi:r’
(p+&k,p).(o+(n-1)k+nv),

x N X (t—

P G, 7T

dx
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(p+o+(E+n-1)k+n,u+V)

(b;.By),., ’[Ti (b Bji)]mﬂ,qi;r . (2.9)

provided the following conditions and the conditions (1),(3) given with (2.1) are satisfied :
Re(p)—u max[Re((aj —l)/Aj )}> 0

1<j<n

Re(p)—v max [Re((aj —1)/Aj )}> 0

1<j<n

Second Integral :
|2 = I; xP—l(t _ X)GJ e—XyzFl a,ﬂ;y;cx‘f (t _ X)nj|

A [ (@A)
(01:8,), [ (0.,

n+l,p;sr

m+1,q;;r

:e—yttpw—li c (a)k('B)kC_ yn_k {(En)kem
% (), K-k

{ (1—0—(77—1)k—“,V)’(aj’Aj)l,n’

m+1,n+1
Np +1,0;+2,7;;r

e
(p+ fk”u)’(bj’ Bi )1,m ! |:Ti (bji' Bji )]m+l,qi;r '

|:Ti (aji ! Aji ): N+, p;;r
(1—p—a—(§+77—l)k—n,v—,u) , (2.10)

provided the conditions (1), (3) given with (2.1) and the following conditions are satisfied :
p> 0, v>0such that v—p>0,

Re(p)—u max [Re((aj —l)/Aj)}> 0

1<j<n

Re(o)+v min [Re(bj / Bj)]> 0.

1<j<n

Proof : The integral (2.10) can be easily evaluated using the procedure discussed in (2.1).
Corollary :

J’;x"’l(t—x)(’_le’xyzF o, By X (t- x)"}

(oA [ )]

x NP Lo (t=x)" P dx

(bl B) [ ( Bji):|m+1,q,;r

_p Vigrro lz a k ﬂ c ynik t(e+n-Dken
n=0 k=0 7 K k! (n_k)!

(1-o—(7-1)k-n,v), (aj’Aj>1,n’[Ti(aji’Aji)]nﬂ,pi;r’
(

p+EK, ,u) (b B. )

m+1,n+1 — UtV
N pi+2,0;+Lz;;r zt
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p+a+(§+77—1)k+n,,u—v
[Ti(bjilBji)]mH’ql;r , (2l11)

provided the following conditions along with the conditions (1), (3) given with (2.1) are satisfied :
p> 0, v>0suchthat p—v>0,
Re(p)+x min [Re(bj /B, )]> 0,

1<j<m

Re(o)-v max [Re((aj ~1)/ A, )}> 0.

1<j<n

Third Integral :
Igzj;xp‘l(t—x) e, F|a Biycxt(t— x)”}

XN?EH ZX”(t X V(aj [ A ]nﬂpr
(b,.8;) [ By)]

e—yttpm—li C (a k(ﬁ)k i yn_k t(&rn-2ken
—= (7/)k k! (n—k)!

(1-p—cku).(a. A, ,[ri (a;, A, )}

)
% Nm+l n+1 7t4Y : n+l,p;r

pi+2, g+, 750 (O-+(77—1)k+nyv)l(bj’Bj)l,m’

m+1,q;;r

(p+6+(§+77—1)k+n,v—,u)
|:Ti (bji ' Bji ):|m+l,qi;r | (2.12)

provided the following conditions along with the conditions (1), (3) given with (2.1) are satisfied :
p> 0, v>0suchthatv—pu>0,

Re(p)—u max [Re(aj —1)/AJ>O

1<j<n

Re(o)+v min [Re(bj/Bj)}O

I<Kj<m
Proof : It can be easily proved using the procedure as discussed in (2.1)
Corollary :

I; X7 (t— x)“ﬁle‘XVZFl[a,ﬂ;y;cxf (t- x)”}
(aj A )1,n ’[Ti (aji, A; )]Mpi;r
(bj’ B, )Lm ’[Ti (b By )]mﬂ'qi;r

:e—yttp+o'—li C (a)k(ﬁ)k i y t(&Hr-Dn
—= (y)k k! (n—k)!

x N zx* (t—x) "

Pi G 7 r

dx
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Nm+1n+1 74 (1 o- é:k ’u) (aj’Aj )Ln’
Pt (o+(n-1)k+n, v) (bi’Bi)l,m'
[ 2, A :|n+lp,
[ jl’ ]mﬂq . 1 pP—0— (§+77_1)k_nuu_v)’ (2.13)

provided the conditions (1), (3) given in (2.1) along with the following conditions are satisfied :
p> 0, v>0suchthat p—v>0,

Re(p)+u min [Re(bj/Bj)]> 0

1<j<m

Re(o)—v max

max [Re(aj —1)/Aj]> 0
I11. Special Cases
By suitable substitution and adjustment of the parameters in the Integral formulae evaluated in this paper,

we can easily obtain several new and known integrals involving special functions such as I-function, H-function,
Meijers G-Function, etc. [3, 8]

(i) For 7, =....... =17, =1, as the Aleph (X)-function reduces to I-function, we can obtain results given by Saha
et al. [5].

(iTakingr=1, 7, =1t =17 =0, the results given in [1] can be obtained.

We can also obtain a large number of particular cases of our results as the Euler transform of the Aleph

function multiplied with special functions.
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