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I Introduction
It is known that many of dynamical solution of some natural, physical or biological phenomena of the universe
are nonlinear in nature and may depend upon the past history or future prediction of dynamical process and so
such dynamical systems are governed by the nonlinear differential equation involving past history of future
consideration called the random differential equations.
The ordinary derivatives have been discussed in the literature since long time. Some monographs in theory of
ordinary differential equation are due to [1] and [2] etc. The differential equations are mainly of two type, viz.
(i) differential equation with deviating arguments, and
(ii) differential equation of natural type.
The differential equation with deviating arguments includes the differential equation with delay or advanced
arguments. The delay differential equations include the past history of the dynamical system whereas advanced
argument differential equation involves the situation that the velocity depends upon the future state of the
dynamic system. Similarly the natural differential equation possesses the property that the velocity depends
upon the derivative of the past state of dynamical systems. The both type of differential equations are the most
active areas of researches in the subject of the theory of differential equations.
The study of the random differential equations of both the type is comparatively rare in the literature. It is
worthwhile to note that the dynamical system involving random parameter may depend upon the past history of
random variable or the past rate of change of the random variables, and so they can be modeled on the random
differential equation in a better way. Hence the study of the random differential equation has got importance in
random analysis of the dynamical systems of the universal phenomena.
In this paper we shall study a first order equation of ordinary random differential equation via the fixed point
theory for different aspects of the random solutions.

Let R denote the real line, R", an Euclidean space with norm | . | defined by |X| = [X4| + [Xo| + ....... + |x,| for x =
(X1,X2,...,xn)ER". Let J = [0,1] and closed and bounded intervals in R. Let C(J,R") denote the space of all
continuous R"-Valued functions on J equipped with supremum norm .l given by

x|l = supe o1 |x(E1] .
Clearly C = C (J, R" is a Banach Space with this norm. Let L'(J ,R) denote the space of Lebesgueintegrable R
— valued function on J equipped with norm ||. ||z defined by

" P y
xll,: = )ixtEHat .

Given a measureable space (£2, A) and given a measurable function ¢ :22 — C, consider the first order ordinary
random differential equation (RDE )

p . . PO,
xltw! = Fflaxit, el wlae tel

ro(w) = 8(w) (1.1}
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for all € 2, where f: J x C x 2 — R"and x : 2 — C is measurable for each t € J. By a random solution of the
RDE (1.1) we mean measurable function x: 2 — X N C(J, R") that satisfies the equations in (1.1) on J, where x
= A c (J, R") is the space of all absolutely continuous R" — valued function on J.

Il Caratheodory Theory
1.1 Auxiliary Result :-
Let (2, A) be a measurable space and X be a Banach Space. Let S, be the o — algebra of all Banach subsets of X.
A function x: 2 — X is called measurable if B € B,,then x *(B)={w €N :x(w) EB} €A
A function T : 2 x X — X is called random operator if T(w, X) is measurable in ® for each x € X and we
denote it by T(w, x)= T(w)x. A function § : 2 — X is called a random fixed point and if & is measurable then
T(0)é(w) = &(w) for all o € Q.
1.2

1.3 Existence Results:

In this section we prove the main result for RDE(1.1) under suitable condition. Define a norm on C(J, R), which
is a separable Banach Space.

We need the following special form of the fixed point theorem.

Theorem 2.1:- Let X be a separable Banach space and let T: 2 x X — X be random operator satisfying for each
w€EnN,

(i) T(w) is completely continuous, Then either

(if) The equation A(®)T(®) x = x has a solution for M(w) =1 or

(iii) Thesete ={u € X : Mo)T(0)u=u, 0 <M w)<1} is unbounded.

We need the following definition in the sequel.

Definition2.1: A mapping f:J x C x 2 — R" is called L'-Caratheodory for each ® €12

(D) t — f(t, x, ®) is measurable for all x € C and

(i) x — f(t, X, ®) is continuous almost everywhere t €J. Further a w-caratheodory function f(t, x, ®) is
called L% - Caratheodory if

(iii) for every real number r > 0, there exists a measurable function h,:2—L% (I, R) such that

If(t, X, ®)| <hl(t, ®) a.e. t €J

For each o €2 and for all x € C with [[x], = r.

We consider the following set of assumption in sequel :

(A) The function ® — f(t, X, ®) is measurable for all t €J and x € C.
(A) The function f: J xC x2 — R" is continuous and satisfies for each
QeNn

¥l

Ifit, x, ©) - f(t, y, ©)] < 'l‘— ae. telforallx,yeC,

- -1'_."'| C
Where a is some positive real number.
(As)  The function f(t, X, ®) is L2, —Caratheodory.
(As) There exists a continuous and non-decreasing function
v : R" — (0, =) satisfying for each ® €Qand t € J,
If(t, x, ®)| < y(t, ©) w(l|x]|;) ae. teIforall x € C.

Theorem2.2 :- Assume that the hypothesis (A1),(A3),(A4) hold, further if

fizton. 227 1Y)l forall © €0 -----(2.1)

then the RDE (1.1) has a random solution on J.

Proof: Now the RDE (1.1) is equivalent to the random integral equation (RIE)
OO0, o) + I fsx s whwids iftel

x(tLow)= "y e (2.2)
O(t, ), Iftel

Define an operator T :2x X — Xby

D0, ®) + I, fizx (s w) wids iftel
T(oxt,o)= | e (2.3)

O(t, w), Ifted
We show that the operator T satisfies all the conditions of theorem 2.1
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Step-1 : First we show that T is a random operator on 2 x X
Note that the function

o — _Iff{s. w5, ) @) ds

can express as a limit of the finite sum of measurable functions, so it measurable. By hypothesis, the function ®
— @(t, ®) is measurable for all t €J. Again the sum of two measurable function is measurable and the function
o —¢(0, ©) + [, Flzx(s w), w)ds

is measurable. As a result the function

o— T(0)x(®).

Step I1: Next we show that T(w, X) is a continuous in X for all ® €. Let {x,} be a sequence in X such that x,—
Xasn— o,

Dominated convergent theorem
lima{ (0, ) + [ f(=.

limy, T (e) x, () =

s, w), w)ds, tel

D(t, ), tEJ

®(0, w)+ [, F(5.x (s, ), w)ds, iftel

D(t, ), tEl

= T(w)x(t)
For all o €12 this shows that T(®, x) is continuous random operator on 2 X X
Step 111: Here we showthat T(w, x) is a totally bounded random operator on 2 x X. Let S be bounded set inX .
Then there is a constant r >0 such that | y{e!l =r ¥ @ £ 1. First we show that T(w, s) is a uniformly bounded

set in X . Since f(t, x, ®) is L}, - Caratheodory, we have
IT(®) xn(H)] < max{ | (0, ), | O(t, @)+ Iz 5. x.(s + 6., ) lds
T(@) x(t) < | D(o)lc+ f; v (s, ) w(r)lds
<l O(@)lc+ || ¥ (ewlx w(r) forallt €.
Taking the suprimum over t in the above inequality yields that
I T(@, I < @(w)l, + || ¥ (&)t w(r) forallxeS - (2.4)
Hence the set T(s)is uniformly bounded in X.

Step IV: Next we show that { T(w) x,: n € N} is equi —continuous set in X. Let x € S be any element then for
any t, T €J, one has

| T (o, x)(t) — T(0, x)(1)| < | _If (s.x,(s ) wlds — _I:f(s. x5, ), w)ds |
S_If (s, 5,05 w) w) |ds
< _If ¥is. el w(r) |ds
<pt o)-pto)} (25)
Where p(t, ®) = |- |7(s. ) 2} |ds . Since the function t — p(t, ® ) is continuous on a compact interval J, it
is uniformly continuous onJ for each o €£2. Hence from the inequality (2.5) it follows that
[T(®@) Xn(t . &0) = T(0) (7. @) =0 ast—1,
for all xe S and for ® €.
Again t, T € J, then by definition of T(t, ), i
[T (0, )(0) — T(0, X)(0) [= ¢ (t, @) = ¢ (0, @) [+ 5 | Fls. 2 (s wd o) Jds- [ 1F (s, (s.0) ) dis
<10 (t )~ (0, 0) [+ [ 1Fls.x (s ). ) 1ds
<10t ©)—b (0, 0) |+ J; 1¥(s.w) wir) |ds

=16 (t, @) = ¢ (0, ©) |+ |p(t, ©) — p(0, ®) |
Note that whent — 1, t — 0 as T — 0. Therefor from above inequality
IT(®) Xp(t - ) — T(0) Xq(t - )| >0 ast— 1t forallx €S.
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Thus in all three cases we have for each ® €12,

| T (o, x)(t) — T(0, x)(t1) | >0 as t — 1 forallx €S.

Thus the set T(s) is equi- continues in X. Consequently T(s) relatively compact in view of Arzela — Ascolli
Theorem.

Now the random operator T(w, x) satisfies all the condition of the theorem (2.1). Hence an application of it
yields that either the conclusion (ii) or the conclusion (iii) holds. Below we show that the conclusion (iii) is not
possible.

Step V: Let ue ¢ be arbitrary, where ¢ is a set of X given in the conclusion (iii) of Theorem (2.1) then we have
for each ® € , there exist u in X with lul= R satisfying u(t, ®) = AT (t, o)

KOO, o) + - Flsu.lw) w)ds}if tel
u(t, o) =

Vot ), if t€l

for some 0 <A <1.Ift€J, Then we have
[u(t, ) [= ¢ (t, ®) |<1 ¢ (@)l , Forall ® €.
Again if t €], then )
lu(t, ) [ <A 10 (0, @) |+ |27 f; £ uw) wlds
Put w(t, ©) = max; z_»; |u(s.@l| , Then | u(t, o) | < w(t, ®) for all t €] and ® €. Then there is a t'e [, 1]
such that
w(t*, ®) = | u(t*, o) | ift'€J, then
[u(t*, ©) [<1 ¢ (o)l |
And the result follows. If t" € J, then we have
Lu(ts, ) | <1 ¢ (@)l + [, ¥is wlw(lu(w))ds
< 1o @) +fy ¥is wwiw(s w))ds
Let m(t, 0)= 1 ¢ (@)l + [y ¥ (5. c)w(w (s, w))ds, t €l
Then we have w(t, ®) < m(t,o), for all t €] and o €. Differentiating this equation with respect to t yields
m (t, ©) = v(t, ©) y(t, w(t,)),
m(0, @) = |l@(@);
This further implies that
m (t, ©) <y(t, ) y(t, m(tw)),

m (tam)

i <
Lo mras YL
Integrate from O to t yields
P om(s0) ) rto
. 45 = vis, wolds
dp gimis, aj) Jo

By change of variable we get

o -

. e
= ¥} ;<-||;

(w3l i)
From this inequality it is follows that there is a constant M(®)> 0 such that
|u(t, ®) | < w(t, ®) <m(t, ®) <M(w), forall t €Jand ® €.
Thus all condition of theorem 2.1 are satisfies and hence an application of it yields that the operator equation
x(t, ® ) =T( ®, x) (t) has a random solution on J.
Consequently the RDE(1.1) has a random solution on J.
This completes the proof.
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