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Abstract: The method of constructing wave-free potentials in a systematic manner for a number of situations
such as two-dimensional non-oblique and oblique waves, three dimensional waves in a fluid with free surface
condition with higher order partial derivative are presented here. In particular, these are obtained taking into
account of the effect of the presence of free surface, surface tension at the free surface and in the presence of an
ice-cover modelled as thin elastic plate.
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. Introduction

Problems involving generation or scattering of surface water waves by a body of any geometrical
configuration present in water are of immense importance in ocean related industry and are generally investigated
mathematically assuming linear theory. The problem of heaving motion of a long, horizontal circular cylinder on
the surface of water was investigated by Ursell (1949) using the method of multipole expansion of the time-
harmonic stream function. The corresponding velocity potential also has a similar expansion. Infact, for an
infinitely long horizontal cylinder of arbitrary cross section floating on the surface of water, the potential function
in general can be expressed in terms of a regular wave, a wave source, a dipole and wave-free potentials (Ursell
(1968), Athanassonlis (1984)).The wave-free potentials are singular at some point and tend to zero rapidly at
infinity. Obviously these satisfy the free-surface condition. Expansions in terms of the wave source and an infinite
set of wave-free potentials were introduced for the three-dimensional problem involving a floating sphere half-
immersed and making periodic heaving oscillations by Havelock (1955). Two and three-dimensional multipole
expansions in the theory of surface waves in infinitely deep water and also in water of uniform finite depth has
been given by Thorne (1953). Rhodes-Robinson (1970) constructed wave-free potentials in the presence of surface
tension at the free surface. Mandal and Goswami (1984) studied oblique scattering by a half-immersed circular
cylinder by using two methods, one based on integral equation formulation and other based on expansion of the
scattered velocity potential by the method of multipoles.

Thus for various classes of water wave problems many researchers use the wave-free potentials in the
mathematical analysis. In most of these works the expressions of wave free potentials are only given without their
method of derivation. However, Linton and Mclver (2001) indicated briefly how these can be constructed in case
of water with a free surface.

Recently there is a considerable interest in the mathematical investigation of ice-wave interaction
problems due to an increase in the scientific activities in polar oceans. Instead of a free surface, a polar ocean in
covered by ice. The ice cover is modelled as a thin uniform sheet of ice of which still a smaller part is immersed
in water, and is composed of materials having elastic properties. Already, quite a number of researchers have
considered various types of water wave problems in a polar ocean with an ice-cover modelled as a thin elastic
plate. Das and Mandal (2009) investigated wave scattering by a circular cylinder half-immersed in water with an
ice-cover. They employed the method of multipoles by using the general expansion theorem for the wave potential
involving wave-free potentials whose expressions were only given. Recently Das and Mandal (2010) investigated
construction of wave-free potential in the linearized theory of water waves. The method of constructing these
wave-free potentials was presented there in a systematic manner for a number of situations such as deep water
with a free surface, neglecting or taking into account the effect of surface tension, or with an ice-cover modelled
as a thin elastic plate floating on water.
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In these cases then higher-order boundary conditions involves third order partial derivative (surface
tension) and fifth-order partial derivatives (ice-cover) were presented. However, the boundary value problem
involving higher-order boundary conditions more than fifth order partial derivatives (Manam et. al. (2006), Das
et. al. (2008), Das (2015)) have not been extensively studied with a view to establish the wave-free potentials in
a single layer fluid.

In this paper, we extend the problems of Das and Mandal (2010), Dhillon and Mandal (2014)
investigated the problem of wave-free potentials in water wave theory for free surface boundary condition with
higher-order derivatives and presented in a systematic manner. When the higher-order partial derivative reduces
to 1st order (free surface) or, third order (surface tension) or fifth order (ice-cover), wave free potentials exactly
coincide with the wave free potentials for two dimension (cf. Das and Mandal (2010)) and also for three dimension
(cf. Dhillon and Mandal (2014)).

Il.  Formulation Of The Problem
The usual assumptions of incompressible, homogeneous and inviscid fluid, irrotational and simple

harmonic motion with angular frequency (/ under gravity only, are made. A rectangular cartesian co-ordinate

system is chosen with its origin on the mean horizontal position of the upper surface of the fluid taken as (X, Z)
plane and y-axis is taken to be vertically downwards into the fluid region. We first consider solutions of Laplace

equation which are singular at (O, f > 0) . Let (9, 0 bethe angles defined by

X X
tan@ =——, tanf'=-
y— f y+ f
and let T, ' denote the radial distances of the point (X, y) from the points (O, f) and

(O,—f) (f >O) respectively.
2.1 Non Oblique wave

If Re{¢(X, Y)e_im} denotes the velocity potential describing the motion in the fluid, the ¢(X, Y)

satisfies
2
V ¢ - 01 in the fluid region, (2.1)

2 . .
where V* denotes the two-dimensional Laplace operator.
The bottom condition is given by

V@(X,y) >0 as y—>o© @2)
Also ¢(X, Y) behaves as outgoing waves as ‘X‘ —> 0,

The potential function ¢(X, Y) satisfies (2.1), (2.2) and also linearized boundary condition for higher-order
derivatives has been introduced by Manam et. al.(2006) and has the form

Lo, +Kop=0 on y=0, (2.3)
where £ is a linear differential operator of the form
my 62m
L= C :
; m aXZm (2.4)

In 2.4) C,, (m=0,1,...,m,) are known constants. Keeping in mind various physical problems involving

fluid structure interaction, only the even order partial derivatives in X are considered in the differential operator

L.

S a . . . . . . .
Let Cbn and ¢n denote the symmetric and anti-symmetric multipoles satisfying (2.1) except at (0, f) with
boundary conditions (2.2), (2.3) and
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cosné

br — o as r—0, 2.5)
sin nd

bp — [ as r—0, (2.6)

Also they represent outgoing waves as ‘X‘ — 00 The suitable multipoles are

Gy = cosnnH + f h A(K)e ™ coskx dk,
r 0

@.7)

sinnd

a
¢n — rn

where A(k) and B(k) are functions of K to be found such that the integrals exist in some sense and boundary
condition (2.3) is satisfied. The unknown constants are obtained as (cf. Das and Mandal (2010))

(_1)” kn—l (220:0 (_1)mka2m+l _|_ K) —kf

oo Ky
+f0 B(k)e ™ sinkxdk,

(2.8)

A= H (k) © @9
e P O G e S S
B0 ="t ¢ H (k) © (2.10)
where
H() =S (—D)"C, k™ — K.

Thus we have

PP A o W Y O D D el
n r" (n—1!Jo H (k)

e O+ coskx dk,

(2.11)

Losinng (=)™ e OO (DTSRI 4K)
h =T +(n—1)!J; “ H (k)

e “0" D sin kx dk,
.
(2.12)

where the contour of the integrals is indented below the pole k=X on the real k -axis, A being the only
real positive root of the dispersion equation

My
. _ 1\m 2m+1 .
HK) =S Oj( )"C, k K =0. 019
m=
The far-field forms of the multipoles are given by
s 0 A Ay ) Qi
Gn ~ H'O) mia,e e 2.14)
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2K

b~ H'(\) mibe e, (2.15)
as ‘X‘ — Owhere
(_1)n n—
a, = (n—l)!>\ ' (2.16)
(_1)n+1 .

b, = m)\ ' (2.17)
Using (2.16) and (2.17), we find

A 4 —0b 4+ b =

a, +ﬂanl =0, b, +ﬂ h1 =0 (2.18)
Thus,
s A cosnd A cos(n—1)6
0, 1 = + —
an (n_1)¢ 1 rn (n—l) rn 1
(_1)n > on- —
+(n—1)! i k" ?g,(k)e """ coskxdk (2.19)
o A o :sin n«9Jr A sin(n—1)0
n (n—l) n—1 rn (n_l) rnfl
LD f Tk 2g, (k)e O sin kxdk
(-prdo O e

where

O, (DG 4 K)

g.(k) = — a(k) (2.21)
g(k) = (=D ™c,, (K™ +AKT™ L NTK=2 A7)
HD)™ e, (KT AR XK N L —c (KN .

Making f — O, then from (2.19) and (2.20) we get symmetric and anti symmetric wave-free potentials are
given by

(S)_cosm9+ A cos(m—-1)0
" r" (m=1) r™*

(_1)m > m—2 —k —
+(m—1)!fo k™“g,(k)e ® coskxdk, m=123,..,
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and

© _ sinmd A sin(m—-1)0

"™ (m=1) ™
(_1)m+1
(m—1)!

n j;“km—zgl(k)e—kysin kxdk, m=12,3,...

(2.23)

In particular, choose C, = 1, C = 0, = 12,.., M, the boundary value problem (BVP) becomes the BVP
for water with free surface (cf. Das and Mandal (2010)) and the wave-free potentials become the wave-free

potentials for single layer fluid with free surface. Similarly, if choose C, =1— € K, ¢, =0,¢, = D,

Ci — 0, I = 3, 4, 5, reny mo , then the BVP becomes the BVP for fluid with ice cover boundary condition
and obtain wave-free potentials (cf. Das and Mandal (2010)).

2.2 Oblique wave

Under the usual assumptions of linear water wave theory a velocity potential can be defined for oblique waves in
the form

d(x, Y, z,t) = Re{g(x, y)e """}

where ¢(X, Y) is a complex valued potential function, 7Y is the wave number component along the z-direction.

¢ satisfies Helmholtz equation
2 2
(VE=7")p=0,  inthe fluid region. (2.24)

On the upper surface having the mean position Y = 0, ¢ satisfies the free-surface condition with higher-order
derivatives of the form (cf. Manam et al (2006))

Mo, +Kp=0 on y=0, (2.25)
where A is a linear differential operator of the form
m
mq 62 ,
M = Zcm v -~ . 226
m=0

In (2.26) C, (m =01,.., mo) are known constants. Keeping in mind various physical problems involving
fluid structure interaction, only the even order partial derivatives in X are considered in the differential operator

M .

Let ¢§ and ¢: denote the symmetric and anti-symmetric multipoles satisfying (2.24) except at (0, f) with
boundary conditions (2.25), (2.2) and

¢. — K (yr)cosngd as r—Q0, 2.27)
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oS — K (yr)sinnd as r—0 (2.28)

where Kn (Z) denotes the modified Bessel function of second kind.
The multipoles are constructed as (cf. Thorne (1953))

¢s =K, (yr)cosnd+ j;oo A (k)cos(yxsinhk)e 7 dk, (2

¢ = K, (yr)sinnd +j:o B, (k)sin(yxsinhk)e " dk (4

where Ai(k) and Bl(k) are functions of k to be obtained such that the integrals exist in some sense and the
boundary condition (2.25) is satisfied.

The surface condition (2.25) is satisfied if Ai(k) and Bl(k) are chosen as

(D", K

A (k) = (—1)" cosh nk Q.

o> (=D"c ™)+ K
B, (k) = (—1)" sinh nk (Zm:o( ) ) - (2.32)
H (v)

where

v =r~ycoshk.

Thus we can construct the multipoles are given by

;. =K., (vyr)cosnd

(ST (—1 "C, v"")+K
+(_1)nf (Zm:O( ) ) cosh nk cos(yxsinh k)e ¢ "dk 2.33)
0 H(v)

of =K, (yr)sinné

« * (-1)"C,v"™) +K
+(—1)nf VQ e, CD"C™) sinh nk sin(yxsinhk)e ¢ "dk (2.:34)
0 H(v)

where the contour is indented below the pole k= Lt on the real K -axis to take care of the outgoing nature as

‘X‘ — 00O, where

~cosh i = .

where A being the only real positive root of the dispersion equation

Hw)=v(} " () c,v™")—K =0. 235
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The far-field forms of the multipoles are given by

: K - f) 4iA|X|cos
¢S ~ 2riat e Ml ,
" " H'(\)Acosa (2.36)
] K B : N
Qbr? N 27T|b(1) , e )\(y+f)el/\\x\cos v .
H'(A)Acosa 237)
as ‘X‘ —> 00 where
1
a® = (—1)" cosh ny,, 23
1 -
b = (—1)" sinh ny,. 239

Using (2.38) and (2.39), we find

(2.40)

ZAb<1>+b<1>-—o

n+1 (2.41)
Thus
s 2A\ s 2\
Gy +— 001+ 0, =K _,(7r)cos(n—2)0 +—K _ (yr)cos(n—1)0
Y Y

+ K, (yr)cosné
2D

fox g, (v) cosh(n—1)k cos(yxsinh k)e " dk (2.42)

and
a 2\ a a : 2\ :
¢n—l + _¢n + (/bn+l - anl(/yr)SIn(n _1)0 +— Kn (”}/r)Sln no
i i
+ K, ,,(yr)sin(n+1)¢

(2.43)

n-1 00
+ﬁfo g, (v)sinh nk sin(yxsinhk)e " k.
8

These are wave-free potentials with singularity at (O, f ) .
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Making f —0in (2.42) and (2.43) we obtain the symmetric and anti-symmetric wave-free potentials with
singularity in the free surface and are given by

X = K., _,(yr)cos(m—2)8 + 27/\ K., (yr)cos(m—1)8+ K_(~r)cosmd

4207 [ 0.(v) cosh(m— Dk cos(yxsinh K)e 'dk, m=123,..
8

(2.44)
and

Xo =K. (yr)sin(m—1)0 + 27)\ K, (yr)sinmd +K_ ., (yr)sin(m+1)60

m-1 00
+ 250 [ g, )sinhmksin(yxsinh k)e dk, m=12,3.
N

(2.45)
These have been used by Das and Mandal (2009) in the study of wave scattering by a long circular cylinder half-
immersed in water with an ice-cover. Here also in particular, the results for water with free surface as well as ice-
cover surface are similar to the case of non oblique wave potential (cf. Das and Mandal (2010)).

2.3 Three-Dimensional Wave-Free Potentials
With the origin at the mean free surface, the X and Z -axes horizontal and the y -axis vertical, y increasing

with depth, we define the angles (9, 9' and & by the relations
R : R Z
tand=——, tan@ =——, tanaoa = —
y— f y+ f X
where R=+x*+2% . Let I and I genote the radial distances of the point (X, Y,Z) from the
points (0, f ,O) and (0, —f ,O) respectively.
—.Wt
If R9{¢(X, y, Z)e ! }denote the velocity potential singular at (O, f ,0) describing the motion
in the fluid, then @(X, Y, Z) satisfies

0°¢ 0% 9%
8X2 + 0y2 + (922 =0 in the fluid region except at (O, f’O)- (2.46)

The bottom condition for water of infinite depth is given by

Vo(x,y,2) >0 as y—ow. (2.47)

Also ¢(X, Y, Z) behaves as outgoing waves as R— o0 .

The potential function ¢(X1 y, Z) satisfies (2.46), (2.47) and the linearized condition given by

chvi,sz ¢, +Kep=0 —on y=0. (2.48)
s=0
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In2.48) C, (5=0,1,2,...,m,) are known constants,

S

1
R? 9ot

v, = [va "

where

Vi =

E B_R (R —)] (2.49)

In this case (cf. Dhillon and Mandal (2014)),

Qbrr]n Pn (COS 0) f A, (K)e —ky g _(kR) dk, 050

and AQ (k) is a function of K to be obtained such that the integral exists and the boundary condition (2.48) is

satisfied. The condition (2.48) is satisfied if Az (k) is chosen as

o [Shevektok]

Az(k) — (n — m)! H (k) €, (2.51)
Thus we get
0 prr]n (COSQ) (_1)n o [z;ﬂio (—1)5C5k25+1 + Kl e
=" (n_m)!f 0 ke 003 (kR) dk,

(2.52)

where the contour of the integral is defined below the pole k=A\ on the real k axis, A being the only real
positive root of the dispersion equation

H (k) = Z (_1)SCsk25+1 —K=0. (2.53)
s=0

The far-field form of the multipole is given by

G ~ aK ria® (/\)(e_“y”),/—2 e 4 as R oo,
H'(\) AR

where

a(z) ( 1)" *'m*_

(n m) | (2.54)

From (2.54) we get,
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A
(2) (2) _
an+1 + (n m _|_1) an =0. (2.55)
A

————— " does not contribute anything as R — o0 , S0 that they are
(n—m+1)

Therefore, the combination ¢, +

wave-free. Thus,

A n _ Pru(coso) N A p" (cosh)

wn :¢n+1+m¢n 2 (n_m+1) i
(_1)n+l > N A—k(y+f)
(n—m+1)!fo g, (k)k" e (kR)dk, (2.56)

This is the wave-free potential having singularity at (0, f ,O) .Making T — O in (2.56) we find the wave-
free potential having singularity in the free surface and is given by

n_ Pr(cosb) LD p" (cos )
n rn+2 (n_m_|_1) rn+l

(_1)n+1 > n 5—k
Am Do BKE IR g

In particular, choose Cy; = 1, C, = 0, = 12,.., My, the boundary value problem (BVP) becomes the BVP
for water with free surface (cf. Dhillon and Mandal (2014)) and the wave-free potentials become the wave-free

potentials for single layer fluid with free surface. Similarly, if choose C, =1— € K, ¢, =0,¢, = D,

Ci — O, I = 3, 4, 5, reny mo , then the BVP becomes the BVP for fluid with ice-cover boundary condition
and obtain wave-free potentials (cf. Dhillon and Mandal (2014)).

I11.  Conclusion
Wave free potentials in single-layer fluid with a free surface condition with higher order derivatives for
non-oblique and oblique waves (two dimensions) and also three-dimension are constructed in a symmetric
manner. Appropriate modifications of the wave-free potentials can be made in the circumstances when the fluid
are of uniformly finite depth having a free surface conditions with higher order derivatives. In particular, these
are obtained taking into account of the effect of the presence of free surface, surface tension at the free surface
and also in the presence of an ice-cover modelled as thin elastic plate.
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