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l. Introduction
We consider finite graphs and digraphs.Undefined terms and notation will follow [6] for graphs and [3]

fordigraphs.WewriteD;=D,to
Denote that the digraphs D; and D, are is omorphic. A sin[6], uv represents an edge joining uandv. Asin[3],a
digraph does not have parallelarcs, that is, pairs of arcs with the same tailand the same head, or
loops.TheunderlyinggraphofadigraphD,denotedbytt(D),isobtainedfromDbyerasingtheorientationsofallarcso
fD.Throughoutthispaper,weusethenotation(u,v)todenoteanarcorientedfromutovinadigraph;anduse[u,v]toden
oteanarcwhichiseither(u,v)or(v,u).Foranintegern,wedefine[n]={1,2,---,n}.AwalkinDisanalternatingsequenc
e W = XjaXo@Xs: + - X 18 1X0f vertices X;and arcs ajfrom D such that &= (X;, Xj:1) for every
i€[klandje[k—1]. AwalkWisclosedifx;=X,andopenotherwise.WeuseV (W)={x;:i€[k]}
andA(W)={a;:je[k—1]}.WesaythatWisawalkfromx;tox,oran(x;, Xk )-walk.1fx, f=X,, then
wesaythatthevertexx;istheinitailvertexofW,thevertexxyistheterminalvertexofW, and x;and x,are end-
vertices of W . The length of a walk is the number of its arcs. When the arcsof W are understood from the
context, we will denote W by x;X,Xy. A ditrail in D is a walk in which
allarcsaredistinct. Alwaysweuseaditrailtodenoteanopenditrail.Iftheverticesof Waredistinct, then W is a
dipath. If the vertices x;X,x,_;are distinct, k << 3 and x;= Xy, then W is a dicycle. A digraph D is strong
if, for every pair X, y of distinct vertices in D, there exist an (X, y)-walk and a (y,x)-walk.AdigraphD
isweaklyconnectediftt(D)isconnected.If XSV (D)UA(D),thenD(X) denotes the subdigraph induced by X.
For a digraph D and a set B € A(D), the digraph D — B is the spanning subdigraph of D with arc set A(D)
—B. If His a subdigraph of D and S € A(D) — A(H)
withV(D(S))<=V/(H),thedigraphH+SisthesubdigraphofDwitharcsetA(H)+S andvertexset
V(H).WeoftenwriteD—aforD—{a}andD+aforD+{a}.LetD;andD,betwodigraphs,the
unionD;UD,o0fD;andD,isadigraphwithvertexsetV(D,UD,)= V(D;)UV(D,)andarcset
A(D;UD,)=A(D;)UA(D,).
Following [3], for X, Y € V (D), define
X Y)p ={(xy) e A(D):xe X y€E Y}

For a vertex v in D, we use the following notation:

N3 (v) = {u € V(D) — v: (v,u) € A(D)},N;(v) = {w € V(D) — v: (w,v) € A(D)}.
The sets Ni(v), N5 (v) and Np(v) = Nj(v) U N5 (v) are called the out-neighbourhood, in-neighbourhood
and neighbourhood of v. We called the vertices in N7 (v),N;(v) and Np(v) the out-neighbours, in-
neighbours and neighbours of v.
neighbours and neighbours of v.
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For a set X € V(D), d; (X) = |(X, V(D) — X)p| is the out-degree of X and d (X) = |(V(D) — X,X)p| is the in-
degree of X. The degree of X is the number dp (X) = dj (X) + dp (X). When the digraph D is understood from
the context, we often omit the subscript D.

Next, we use the following definitions of Cartesian product and Lexicographic product of digraphs [3].

Next, we use the following definitions of Cartesian product and Lexicographic product of digraphs [3].
Deftnition 1.1 Let D;= (V3, A;) and D,= (V;, A,) be two digraphs, V1= {us, Uy, - - -, U1 }, Vo= V4, Vy,
V2 . Then the Cartesian product andLexicographic product of Djand Djare defined as following

(i) {I'he Ca'ft'esian product denoted by D;x D,is the digraph with vertex set V;x V,and

A(D1x D) = {((ui, vj), (us, vp)) : ui= ug and (vj, vy) € Ay, or (U, Us) € Asand v;= v}

(ii) TheLexicographicproductdenotedbyD,[D,]isthedigraphwithvertexsetV;xV,and

A(D4[D2]) = {((ui, vj), (Us, Vy)) - ui= us and (vj, vi) € Ay, or (u;, Us) € Ar}.

Boesch, Suffel, and Tindell [5] in 1977 proposed the supereulerian problem, which seeks to characterize
graphs that have spanning eulerian subgraphs; and they indicated that such this problem would be very difficult.
Pulleyblank [14] in 1979 proved that determining whether a graph is supereulerian, even within planar graphs, is
NP-complete. As of today, there have been lots of researches on it. See Catlin’s survey [7] and the updates in [8]
and [13] for a liternature in the topic.

It is natural to study supereulerian digraphs. A digraph D is eulerian if G(D) is connected and for every
v € V(D), dff (v) = dp(v); and is supereulerian if D contains a spanning eulerian subdigraph; and is trailable
if D contains a spanning ditrail. Earlier studies were done by Gutin [10, 11]. Recent developments can be found
in [2, 4, 12], among others.

In [9], an open problem (Problem 6 of [9]) was raised to find natural conditions for the product of graphs
to be hamiltonian. Motivated by this problem, we propose to seek natural conditions on digraphs D; and D, such
that the product of D; and D, is supereulerian. In this paper, sufficient conditions on D, and D, for D; x D, and
D;[D,] to be supereulerian or trailable are investigated.

1. MainResults
2.1 Notations
The following notation will be used througout this section. Let D; = (V;,A;) and D, = (V,, A,) be two

digraphs with V; = {uy,uy, -+, u,,} and V, = {vy, vy, -+, vy, }. For each fixed v; € V,, define Dzj to be the
digraph with vertex set V,’ = {(u;,v;): for any u; € V;}, and arc set A = {((u;, v}), (us, v})): (u;, ug) € Ay}.
Similarly, for each fixed u; € V;, define D, to be the digraph with vertex set V," = {(u;, v)): for any v; € V,},
and arc set A;i = {((u;, vj), (u;, v)): (vj, vi) € A,}. The following observations are immidiate:

Observation 2.1 Each of the following holds.

0] D‘llj, D‘Z1i are subdigraphs of D; x D, and D;[D,], and D;'" = Dy, D‘zli = D, for any i € [n,], and for any
j € [m].

(i) V(Dy x D;) = V(D4[D,]) = U}, V(D,) = U;; V(D3).

(iii) V(D‘llj) N V(D) = @, ifv;, v, € Vandy; # v,; V(D,") N V(D3*) = @, ifu;, us € Vyandy; # u,.

(iv) V(D;") N V(Dy") = {(u;, v;))}andA(D,’) N A(Dy") = Bfory; € V;,v; € V,.

For any subdigraph H; < D; and v € V,, we use HY to denote the subdigraphs of DY with V(HY) = {(u;, v):u; €
V(H)} and A(HY) = {((u;, V), (us, v)): (u;, us) € A(Hy)}. Similarly, for any subdigraph H, € D, and u € V;,
we use HJ to denote the subdigraphs of D5 with V(H}) ={(uv;):v; € V(H;)} and
A(HZ) = {((u,vi), (0, v5)): (vi, v5) € A(Hp)}

2.2 Cartesian product ofdigraphs

Sufficient conditions will be investigated in this section for the Cartesian product of D;and D,to be
supereulerian or trailable. The results below are useful.
Theorem 2.1 (J.M. Xu [15]) Let D; and D, be eulerian digraphs. Then the Cartesian product D; X D, is
eulerian.

Lemma 2.1 (K.A. Alsatami et al, Lemma 2 of [1]) A digraph D is nonsupereulerian if for some integer m > 0,
V(D) has vertex-disjoint subsets B, By, -+, B,,, satisfying both of the following:
(i) N7(B;) € B, for i€ [m].
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(i) |0~ (B) < m — 1.

Lemma 2.1 can be applied to find examples for digraph D to be nonsupereulerian. In the following, we present
some tools needed in our arguments.

Definition 2.1 Let D be a digraph, Fy, F,, -+, F be eulerian subdigraphs of D, and let F = {F;,F;, -, F}.

(1) F iscalledan eulerian vertex cover of D, if V(D) =Ug ¢ ¢ V(F;) and F =Ug,¢ ¢ F; is weakly connected.
(if) For any u,v € V(D), F iscalled an eulerian chain joining u and v, if u € V(F;), v € V(Fy), and V(F;) n
V(Fiy) = Dforeveryie [k—1].

In [3], a digraph D is called cyclically connected if for every pair X, y of distinct vertices of D there is a
sequence of dicycles Cy, C,, - - -, Cysuch that x is in Cy, y is in Cy, and C;and Cj,;have at least one common
vertex for every i € [k — 1]. The following theorem are useful.

Theorem 2.2 [3] A digraph D is strong if and only if it is cyclically connected.

Proposition 2.1 Let D be a weakly connected digraph. Then the following are equivalent.
(i) D is strong.

(ii) D is cyclically connected.

(iii) Vu, v € V(D), D has an eulerian chain joining u and v.

(iv) D has an eulerian vertex cover.

Proof.(i) & (ii). By Theorem 2.2, the result is hold.

(i) = (iii). As dicycles are eulerian digraphs, every dicycle sequence is also joining u and v, and is also an
eulerian chain.

(iii) = (iv). We may assume that |[V(D)| = 2. By (iii), D has an eulerian subdigraph. By Definition 2.1, every
eulerian subdigraph has an eulerian vertex cover. Let D’ be a subdigraph of D such that D’ has an eulerian vertex
cover F'with |V(D")| maximal. If V(D") = V (D), then done. Assume that |V (D")| < |V(D)|. Then there exist
u € V(D) — V(D" and v € V(D"). By (iii), D has an eulerian chain F 1 = {F},F,, -+, F,}joining u and v. By
Definition 2.1, D' U D[U*_, A(F})] is also a subdigraph with an eulerian vertex cover F’'U F 4, contrary to
the maximality of D’. Hence (iv) must hold.

(iv) = (i) Let D' be a maximal strong component of D. If V(D") = V(D), then (i) holds. Otherwise Ju € V(D")
and v € V(D) —V(D"). By (iv), D has an eulerian vertex cover F = {F,,F,,--,F,}. Since F is weakly
connected, there existsan F; € F withV(F)nV(D) = @andV(F,)—-V(D") = . Itfollows by definition
that D[A(D") U A(F;)] is strong, contrary to the maximality of D’.

In the following, we will show some sufficient conditions on D;and D,to assure that the Cartesian product D;x
D.,is supereulerian or trailable.

Theorem 2.3 Let D; and D, be two strong digraphs with min{|V(D,)|,|V(D,)|} = 2 such that D; is
supereulerian and D, has an eulerian vertex cover with m eulerian subdigraphs such that m < |V (D;)|. Then the
Cartesian product D; X D, is supereulerian.

Proof. Let V(Dl) = {ul,uz, Uy U 41 ---,unl} and V(Dz) = {Ul,vz, "‘,Unz}. Let F = {Fl,Fz, !Fm} be
an eulerian vertex cover of D,. Since D; is a supereulerian digraph, D; has a spanning eulerian ditrail H;. By
Observation 2.1, let

v; .
H = (U2, H) U (U, F).
We want to prove that H is a spanning eulerian subdigraph of D; x D,. Since H; is a spanning eulerian ditrail of
D, so0 by Observation 2.1 (i), (ii) and (iii),
Uiz, V(H,") =V(D; X D), and for any v, v €V(D,) if v # v, then V(H,)nV(H) =

a.

Hence H is a spanning subdigraph. In the following, we will show that dj((u;,v;)) = dj((w;,v;)) for all
(uiy ) € V(H).

By Observation 2.1 (iii) and (iv),

Vi .
(U2, A(H,)) 0 (U, ACF")) = @. (1)

Since H; is a spanning eulerian ditrail of D;, it follows that dj;, (v;) = dj, (w;) for w; € V(H;). And by (1),
we get that

— 141
oy (G ) = oy (G, w) for all (up ) € V(H)2)

Since F; is an eulerian subdigraph in D, for i € [m], we get that d;{_(vj) =dp,(v;) for vy €V(F). By
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Observation 2.1 (iii),
V(E*)nV(E™") =@ for s,h€[m] and s # h. (3)
By (1) and (3), we get that
d+u- ((ui,v-)) = d_uv ((ui,v-)) for all (w,v;) € V(E")(4)
Thus, by (2) and (4), we get that df ((u;, v)) = dy ((w;, vy)) forall (u;,v;) € V(H).
Now, we prove that for any two distinct vertices (u;, v5) and (w;,ve) in V(H), there is a ((w;, vs), (4, v,))-
dipath in H. By Proposition 2.1, there exists an eulerian chain  F ' = {F; , 12,-- F, } joining v and v, in D,

such that v € V(F;,) and v, € V(F;,). Let F i F;, be the subdigraph of D, "t at the fixed vertex w;,, Where

ll € [m] for L € [h]. By the definition of an eulerlan chain, V(F, )NV (F,) # @, pick a vertex v_ in

F,_)nV(F,) for L € {23, ,h}. Let u;, = w;, w;, =1, V1) = Vs ad vy 1) = Vg, and let PFil be the

. . Uu; (-1, . . V-1,
((ui,.v(l—u)), (Wi, v(1,141y))-dipath in E, “and Pi(l(il'll)l) be the ((w;,_,, va-1,)), (W, va-1,))-dipath in H, =,
Thus
= (Ul Pr, )U(Uz =2 L(l(l )

1,0)

isa dlpath from (ul,v ) to (u;,v,) in V(H). This proves the Theorem.

Example 2.1 below presents a supereulerian digraph D; and a strong digraph D, which has an eulerian vertex
cover with m eulerian subdigraphs, where m > |V(D;)| such that the Cartesian product D; X D, is
nonsupereulerian.

Example2.1LetD,beasupereuleriandigraphwithV(D;)={uy,u,}andA(D1)={(uy,u),(u,,uy)}.
LetD,beastrongdigraphwithV(D,)={V1,V,,V3,V4,Vs }andA(D2)={(V2,V1),(V1,V3),(V3,V2),(V1,V4), (V4, Vo), (V1,
Vs), (Vs, Vo)}, which has an eulerian vertex cover with 3 eulerian subdigraphs. By definition 1.1, we can
obtain the Cartesian product D;x D,of Djand D,(See Figure 1). Let B, Bj, Byand Bsbe vertex-disjoint
subsets of V (Dlx Dz) with B = {(Ul, Vl), (Uz, Vl)}, Bl: {(Ul, Vg), (Ug, Vg)}, BZ:

{(u1,v4),(uz,vs) FandBs={(uy,vs),(uy,vs)}.WefindthatN (B;)=Bforie{1,2,3}and|d (B)|=

2. By Lemma 2.1, the Cartesian product D;x D,is honsupereulerian.

Uy
uy
u vl V2 v3 v4 v5
D1 D2

B

o) 5 [ / E* m %

+¥ [ - :¢ +‘r

| | |}

(Uzg},l) W \W W /J,g:()”

———y—

DX Dz

Figure 1. The digraphs D,, D,and the Cartesion product D;x D,

Example 2.1 indicates that if Djis a supereulerian digraph with |V (D;)| = 2 and D,is a strong
digraphwhichhasaneulerianvertexcoverwith3euleriansubdigraphs,thenD;xD,isnonsupereulerian. In fact, for ng,
neE N and n,> ni+ 3, the example can be extended to infinite case: Let Dibe a dicycle
withV(D1)={uy,u,,---,un1 },letDybeastrongdigraphwithV(D,)={v,V,,- - -,v,2 }andA(D,)=
{(va, V1), (V1, V3), (V3, V2), (V1, V4), (Va, V2), * - =, (V1, Vn2 ), (Vn2 , V2)}. Dshas an eulerian vertex cover with
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n,—2euleriansubdigraphs{D[{Vv1,V,,Vi:2}]:i €[n,—2]}.LetB,B1,B,,---,B,2—2bevertex-disjoint subsets of V (D;x
Dy) with B = {(uy, V1), (Uz, V1), - - -, (Un1, Va)} and Bi= {(Us, Vira), (U2, Vis2), = - -, (Unl , Vis2)} foOr i € [n— 2].
We find that N (B;) € B for i € [n,— 2] and |0 (B)| = ni< n,— 3 = (n;2) 1. By Lemma 2.1, the Cartesian
product D;D,is nonsupereulerian. These examplesindicate

that Theorem 2.3 is best possible in some sense.

If Dyhas an eulerian vertex cover with one (for m =1 in Theorem 2.3) eulerian subdigraph, then D,

is supereulerian. The following corollary can be obtained.

Corollary 2.1 Let D; be a supereulerian digraph and D, be a digraph.
(i) If D, is supereulerian, then the Cartesian product D; X D, is supereulerian.
(ii) If D, is trailable, then the Cartesian product D; x D, is trailable.

Proof. Let V(D;) = {uy, up, -+, Un, }, V(D2) = {v1, v, , ¥y, }, and let w;, = uq, v, = vy. First, we will show
that (i) holds. If |V(D;)| =1, then D; X D, = D, is supereulerian. If |V(D,)| =1, then D; x D, = D; is
supereulerian. Hence we assume that |V(D;)] =2 for i =1,2. Since D, is supereulerian, let Hy; =
Uiyt Vi, Vi be a spanning eulerian ditrail of D,, where jy, j,, -+, jn, € [n2]. Then H,, is an eulerian vertex
cover with one eulerian subdigraph. Thus, (i) follows by Theorem 2.3, for m = 1.
Next, we will prove that (ii) holds. If |V(D;)| =1, then D; X D, = D, is trailable. If |V(D,)| = 1,
then D; X D, = D, is supereulerian, which is also trailable. Hence we assume that [V(D;)| = 2 for i = 1,2.
Since D, is supereulerian, let H; = u; u;, U Uiy be a spanning eulerian ditrail of Dy, where iy, i, 15, €
[n1]. Since D, has a spanning ditrail denoted by H,, = v;, v, TV where jy, jo, ) ji, € [n2]. If (”jhz'”jl) €
A(D,), then H,, + (vjhz,vjl) is a spanning eulerian ditrail of D,, so D, is supereulerian. By (i), D; X D, is
supereulerian, thus, D; x D, is trailable. If (vjhz, v;,) € A(D;), we obtain a new digraph D,. such that V(D,) =
V(D,) and A(Dy) = A(D;) U (vjhz,vjl). Then Hy,' = Hy, + (vjhz”h) is a spanning closed ditrail in D,.. Let
Vi v

H' = (UJ%, H)) UH"SS = (Uj2, H') U (Hyg + ((,) @, ,))).

By Theorem 2.3, H' is a spanning closed ditrail in D; x D,. Let
v

H=H - ((w,v,,), (w,v,)) = (U2, H’) U H,,.

Then H is a spanning ditrail in D; X D,.

A digraph D is bi-trailable if there exist two distinct vertices x,y € V(D), such that D has both
spanning (x, y)-ditrail and spanning (y, x)-ditrail. In the study of supereulerian and trailable Cartesian product
of digraphs, bi-trailable digraphs seem to play a useful role.

Theorem 2.4 Let D; be a bi-trailable digraph and D, be a digraph.

(i) If D, is trailable, then the Cartesian product D; X D, is trailable.

(it) If D, is supereulerian with |V(D,)| = 2 and |V(D,)]| is even, then the Cartesian product D; X D, is
supereulerian.

Proof. Let V(D) = {uy, Uy, -+, up, } and V(Dy) = {vy, vy, **+, v, }. Since Dy is bi-trailable, we assume that for a
pair of distinct vertices x,y € V(D;), D, contains a spanning (x,y)-ditrail Hy; = u,u;u;, ---u;,u, and a
spanning (y, x)-ditrail Hy; = w,uy, u;, -~ u;, ug, where x = ug, y =u, and s, t,iy, iy, -, ip, Iy, b, -+, Ly € [n4].
If L; is a subdigraph of D; for i = 1,2, then for each w; € V(D,) and v, € V(D,), we use Lll”‘ to denote the the
corresponding subdigraph in D;’* and L’é" to denote the corresponding subdigraph in D:f.

To prove (i), we present an algorithm (Algorithm A below) to find a spanning ditrail in D; X D,. By
assumption, D, has a spanning ditrail H,. Denote H, = v;, v, - Uiy With ji, ja,**+, jn, € [n2]. The algorithm
has a set A to record vertices v; € V(D,) that the ditrail has visited the copy fo , and will start from a vertex
(us, vj,), travel along Hf{l in Df“ to end at (u,,v;,), and place v, in A. Then in D, move to (u,vy,) and
travel along Hféz in Df” to end at (uy,v;,), and place v;, in A. Inductively, at (u,v;, ), if v, € A, that is,
Df” has been traversed, then in D,*, move to (u, vy,); if v € A, that is, Df” has not been traversed, then in
D,*, move to (u;, v;,) and travel along Hg’ in Df” to end at (uy, v;,), and place v, in A. A similar process will
be done if at (us, v;,_,), until all vertices in D, x D, are visited.
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Algorithm A:

INPUT: A digraph D; with spanning ditrails H;; and H;, and a digraph D, with spanning ditrail H,, define
Hy' = {v;, (1), v,(2), -, v, (@), v, (@} Using the notation above.

OUTPUT: A spanning ditrail H in D; x D, starting from (u, v;, ).

1 LetH:=H,)'; A:= (v, }and p: = 2.

2. 1fp > q, go to step 6.

3. Let H be current ditrail.

If (ug,v;,_,) is the terminal vertex of H, go to step 4.

If (us, v, _,) is the terminal vertex of H, go to step 5.

4.1fv;, € Aforv; (p) € Hy,set H:=H + ((uy, vj,_,), (U, v5,)), A:= AU {y; }and p: = p + 1, go to step 2.

If v & Aforv; (p) € Hy, set H:= (H + ((u, v;,_,), (Ue, v,))) U ng, A:=AuU{y }andp:=p+1,goto
step 2.

5.1fv; € Aforv;, (p) € Hy,set H:=H + ((us,v;,_,), (U, ;,)), As= AU {v; }and p: = p + 1, go to step 2.
If v, & Aforv, (p) €Hy,set H:= (H + ((u5,v;,_,), (U5, v;,))) U Hff, A:=AU{y }and p:=p+1,goto
step 2.

6. Return the ditrail H.

The finiteness of D; and D, indicates that the Algorithm will terminate. Let H be the output of
Algorithm A. We are to show that H is a spanning ditrail. In fact, at each step of Algorithm A, the current H is
always a ditrail. As V(Hy;) = V(H;3) = V(D;), and as by Steps 1, 3, 4, 5 in Algorithm A, we note that V(H) =

UQZH V(Df") and {”jl'”jz"“'vjhz} = V(D,). By Observation 2.1 (i) and (ii), H is a spanning ditrail of D; x
D,. This proves (i).

We will construct a spanning closed ditrail H' of D; x D, to prove (ii). Recall that H;; and H;, are spanning
ditrails of D;. Let H, = v, v, Vi, Vi be a spanning closed ditrail in D,. Then H, = ViV, Vi, is a
spanning ditrail in D,. By Algorithm A, and since |V (D,)| is even, H is a spanning ditrail in D; x D, starting
from (u,,v;,) and ending at (us,vjhz). Since (V/‘hz'”h) € A(D,), it follows by the definition of Cartesian
product that ((us"%hz)'(us'%)) € A(D; X Dy). It follows that the subdigraph H + ((us,vjhz), (us,v5,)) is @

spanning closed ditrail in D; X D,. This proves (ii).

2.3 Lexicographic product ofdigraphs
Sufficient conditions on D;and D.for the Lexicographic product D1[D,] to be supereulerian or trailable will be
investigated in this section.

Theorem 2.5 Let D;and D,be two digraphs. If D,is supereulerian with [V (D1)| > 2, then the Lexico- graphic
product D4[D,] is supereulerian.
Proof.LetV(D;)={uy,u;,-:-,un1}andV(D,)={v1,V2, - ,Va2}.1fV(D;)=1,thenD,[D,]=D;

is supereulerian. Hence we assume that |V (D,)| > 2. As D;is supereulerian, we assume that

Hi= ui1 U2 - - - Uih U1 is a spanning closed ditrailofD;.

(5) By (5), (uih , Ui1 ) €A(D,), and so by the definition of Lexicographic product of digraphs,
foranyverticesvs,v;eV(D,),wehavethat((uih,Vs),(Ui1,vy)) EA(D4[D-]).(6)

To construct a spanning closed ditrail of D, [D,], we start with (u; ,v;) in Dy, traveling along Hfl
ending at (w;,,v,); and then by (6), use the arc ((u;,,v,), (w;;,v2)) to move to (u;,, v,). Inductively, for some
p < ny, the ditrail at (u;,,v,) in Df”, will travel along Hf” to end at (u;,, v,). When p = n,, the ditrail applies
(6) again and takes the arc ((w;,,v,), (u;;, v1)) to complete the ditrail, which is now a spanning closed ditrail of
Dy [D,]. The construction of this spanning closed ditrail of D;[D,] can be illustrated in Algorithm B below.

Algorithm B:

INPUT: A digraph D; with a spanning closed ditrail H; = w; u;, - u;, w;; and a digraph D, with V(D,) =
(1,02, 0, ).

OUTPUT: A spanning closed ditrail H in D;[D,].

L LetH:= H' — (W, v1), (W, 11)); p: = 2.

2.1fp >mny, let H:= H + ((u,, Vn,), (U, v1)), go to step 5.

3. Let H be current ditrail with the terminal vertex (u;,, v,_1).
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4.SetH:= (H + ((u;,, vp-1), (Wi, 1)) U Hf” = ((ug, vp), (U, vp)) and p: = p + 1, go to step 2.
5. Return the closed ditrail H.

As in each step of Algorithm B, the current H is a ditrail starting from (u; ,v;) in D;*, the finiteness of the
digraphs implies that Algorithm B must stop. When Step 2 is executed, H becomes a closed ditrail. Since H; is a
spanning ditrail of D;, we have V(H;) =V(D;). By steps 1, 3, 4, 5 V(H) =u{c"=2j1 V(D;*) and
Wiy, ---,v}-hz} = V(D,). Thus at the end of the algorithm, we have

H = ((U}2, (H," = (i 9, (i, 9)))) + (U (0, iy Dee1)))) + (@ V), (g, 01)).
Therefore, H is a spanning closed ditrail of D;[D,]. This proves the theorem.

Theorem 2.6 Let D; and D, be two strong digraphs with min{|V (D,)|, |V(D,)|} = 2 and D; is trailable. Then
the Lexicographic product D, [D,] is supereulerian.

Proof. Let V(D;) = {uy,uz, -+, uy, } and V(D;) = {vy, v, -+, vy, }. Let H be a spanning ditrail of D;. If H is
closed, then by Theorem 2.5, D, [D,] is supereulerian. Hence we assume that
Hy = w; u;, -+ w;, is a spanning ditrail of D,, where u; € V(D) for s € [h] and w;, =u; #
uih' (7)
For each p € [n,], define L” = H,” — ((w;,, v,), (i, v,))- Since Dy is strong, Dy contains a shortest (w;, , u;,
dipath P = Ui, Uy, o Ui Ui where Ui, = Uy, and U, = Uy By the definition Lexicographic product, we
observe that
for any vertices v, v' € V(D,), if (u, u') € A(D;), then ((u,v), (W, v")) € A(D[D,]).(8)
We will construct a spanning closed ditrail of D, [D,] depending on the parity of k = [V (P)]|. Assume first that k
is even, we start with (u;,,v;) in D;*, travel along H;" to end at (u;,,v;); then by (8), take the dipath P, =
(uiSk,vl)(uiSk_l,vz)(uiSk_z,vl)(uiSk_3,v2)---(uisz,vl)(ui31,v2) to reach (ui51,v2). Inductively, for some p
with 2 < p < n,, the current ditrail will move from (ui51,vp), traversing along Hf” ending at ((u;,,v,); then
take the dipath
P, = (uisk'vp—l)(uisk_llvp)(uisk_zlvp—l)(uisk_3'vp) (uiszivp—l)(ui31'vp)(9)
to reach (uiSI, v,). At (uiSk, v,,), it utilizes (8) to take
Py = (uisk' vnz)(uisk_lt Vl)(uisk_z: vnz)(uisk_3:vl) (uiSZ' vnz)(uislivl)(lo)
to return to (ui31, v1).
Assume next that k is odd, we start with (u;,, v;) in D;*, travel along H," to end at (u;,,, v1); then by (8), take
the dipath P, = (uiSk,vl)(uiSk_l,vz)(uiSk_z,vl)(uiSk_g,vz) (uisz,vz)(ui51,v1) and then bypass

((us,,» v1), (Uy, v2)) 1o reach (uy,, vp). Inductively, for some p with 2 < p < n,, the current ditrail will move

in

1

from (w;,, v,), travel along L? = H,” — ((w;,,v,), (W, v,)) t0 get to (u;,, v,); then take the dipath

Py = (uisk'vp—l)(uisk_llvp)(uisk_zlvp—l)(uisk_3lvp) (uisz» vp)(ui51t Vp—1) (Ui, v,)(11)
to reach (u;,, v,). At (u;,, v,,), the current ditrail will travel along L'i"z = Hf"z = (Wi, Vpy), (Uyy, ) 1O get
to (u;,, v,,), then following

Pr=(u; 0 ), 1)U V)W, o) (g, v)(# ,v,,)(12)

to arrive at (#,,, ,,). Since 0;”1 = /), is strong, 0;”1 has a ((«,,, 7 ,,), (%, v1))-dipath P;["l. Then,

Lsp2’

from (%, ,, v,,), it goes through PZ“ toreturnto (z,,, 71).
With the definitions of the related dipaths in (9), (10), (11), (12), the construction of this spanning closed ditrail
of D[ D,] can be illustrated in Algorithm C below.

Algorithm C:

INPUT: A strong digraph £, with a spanning ditrail and a strong digraph 2, .
OUTPUT: A spanning closed ditrail Zin 2,[20,].

1. Let /= A and p:=2.

2.1f p > n,,and

if £ iseven, let #:= AU P, gotostep 5;

if # isodd, let #:= ZU ~Py» UPZ”, go to step 5.
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3. Let # be current ditrail with the terminal vertex (z, ,, 7, _1).

4.1f £ iseven, let #/:= A/ UP, U H\llp and p: = p+ 1, go to step 2.

If kis odd, let H:=HU P, U H\ll? and p:=p + 1, go to step 2.

5. Return the closed ditrail H.

As in each step of Algorithm C, the current H is a ditrail starting from (u;;,v,) in Dy%, the finiteness of the
digraphs implies that Algorithm C must stop. When Step 2 is executed, H becomes a closed ditrail. Since H, isa

spanning ditrail of D;, we have V(H;) =V(D;). By steps 1, 3, 4, 5, V(H) =UJ|ZJ.1 V(D}) and

{vi,» Vi, ""Vihz} = V(D,), thus, by Observation 2.1 (i) and (ii), H is a spanning closed ditrail of D1[D5].

Since a bi-trailable digraph is strong, by Theorem 2.6 the following corollary holds.
Corollary 2.2 Let D; and D, be two digraphs with min{|VV(D,)|, [V(D,)|} = 2.

» If D, is a bi-trailable digraph and D, is a strong digraph, then the Lexicographic product D;[D,] is
supereulerian.

« If D4 is trailable and strong, then the Lexicographic product D;[D,] is trailable.
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