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Spreading dynamics of COVID-19 SELIR model in
complex social networks
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ABSTRACT: In this paper, we propose a new SELIR (susceptible-exposed-latent-infected-recovered) COVID-
19 spreading model in complex social networks. The global stability of the virus free equilibrium is proved in
detail, and the basic reproduction number R, of the model is obtained. The existence of COVID-19 equilibrium
and the dynamic behavior of the model are determined by the basic reproduction number Ro. The global
attractivity of the COVID-19 prevailing equilibrium is proved by monotone iterative technique. Numerical
simulation confirm the analysis results.

KEYWORDS - COVID-19; Virus spreading model; Equilibrium; Global stability

Date of Submission: 10-01-2022 Date of Acceptance: 25-01-2022

I.  INTRODUCTION

The outbreak of COVID-19 epidemic has been developing for two years and is now spreading around
the world. Because people have different understanding of COVID-19, and different preventive measures have
been taken, the effect of epidemic prevention and control is also very different. According to official
information, the initial symptoms of covid-19 infection are fever and dry cough, similar to the common
influenza. However, COVID-19 can develop into pneumonia, dyspnea and even death[1]. Some patients
infected with covid-19 virus have no obvious symptoms, and the incubation period of the virus is about 14 days,
but asymptomatic infected people are also infectious[2,3]. Covid-19 virus is mainly transmitted through the air.
When people are in close contact with virus carriers (within 2 meters), they may be infected with COVID-19[4].
At present, there is no specific drug for COVID-19, maintaining social distance and reducing the flow of
people is considered to be the most effective epidemic prevention measures[5].

The official COVID-19 information is limited, it is not enough for us to understand the characteristics
and transmission mechanism of COVID-19 virus. The study of COVID-19 virus model is of great significance
to our understanding of COVID-19 virus, which has attracted many scholars' attention[6,7]. Mathematical
models are powerful tools to understand real world phenomena, especially the dynamics of infectious diseases,
mathematical models describing infectious diseases play an important role in both theory and practice[8-10]. As
for the diffusion of general infectious diseases, there are some classical models, such as logistic model, SIS
model, SIR model, SEIR model, etc[11,12]. The establishment of these models will help us to understand the
transmission mechanism and characteristics of the disease, so as to put forward effective strategies for disease
prediction, prevention and suppression.

In this paper, a new mathematical model of COVID-19 is established. The whole society is regarded as
a complex network, and community is the basic unit of society. The community members are divided into five
categories: S (susceptible), E(exposed), L(latent asymptomatic infected), I(symptomatic infected) and
R(recovered). Each community is connected with each other. The purpose of the model is to study the
transmission mechanism and characteristics of COVID-19, and put forward effective strategies for epidemic
prevention and control.

The rest of the paper is organized as follows: In Sect. 2, we present a new SELIR model in social
networks. In Sect. 3, it shows that COVID-19 free equilibrium exists and proves the COVID-19 free equilibrium
is globally stable. In Sect. 4, the system has a COVID-19 prevailing equilibrium, and proves the COVID-19
prevailing equilibrium is globally asymptotically attractive. In Sect. 5, numerical simulations are given to
illustrate the main results. Finally, the conclusions are given in Sect. 6.
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Il. MODEL FORMULATION

Figure 1 Transfer diagram for COVID-19 spreading model

In this paper, it is assumed that the whole population is an associated social network, and community is
the basic unit of the society. The nodes in the network represent the individuals, and the edges connecting the
nodes represent the connections between the individuals. The community members are divided into five
categories: S (susceptible), E(exposed), L(latent), I(infected) and R(recovered). Each community is connected
with each other. Each individual adopts one of the five states of S, E, L, | and R. S refers to people who have
never contacted COVID-19 without immunity (susceptible); E refers to the close contacts of COVID-19
infected individuals (exposed); L refers to asymptomatic infection which is in latent state and may develop into
symptomatic infection(latent); | refers to symptomatic infection(infected); R refers to the recovered and has
immunity to COVID-19 (recovered). Si(t), Ex(t), Lk(t), lk(t) and Ry(t) express the relative density of susceptible,
exposed, latent, infected and recovered nodes of the community k at time t, respectively. The COVID-19
propagation model is shown in Fig. 1.

In the SELIR model, COVID-19 spread according to the following rules: The parameter a (k) > 0 is the
degree dependent rate, which indicates the accessibility of community k to COVID-19. E node represents the
close contact of the infected individuals. Close contacts become asymptomatic infected individuals at rate y, and
become infected individuals with clinical symptoms at rate . Latent individuals become into recovered
individuals at rate ®, and become into infected individuals with clinical symptoms at rate 8. Infected individuals
with clinical symptoms become into recovered individuals at rate 1, and the case fatality rate of infected
individuals was { due to COVID-19.

The degree-dependent parameter V(K)>0 represents the number of newly immigrated individuals in
community K per unit time, and each newly immigrated individual is susceptible, the reconnection of these
nodes follows the above propagation rules. This type of rewiring preserves the network mean degree(the total
number of links remains constant) but changes the mean degree of susceptible and infected nodes. The natural
mortality rate in community K was p. The parameters are all nonnegative. The model can be described by the
following system of ordinary diff erential equations.

B0 = V(1) - a()POSK(®) — pSic()

B = () DOSK(®) — BEx(E) — YEK(t) — pEi ()

T = YE (1) — 0L (1) = SLic(t) — plic(t) 1)

dI;‘t(t) = BE (1) + 3Ly () — Tl (£) — i (B) — plyc (©)

T = 0lic() + (1) ~ pRi(D)

®(t) denotes the probability of susceptible individuals contacts with a virus carrier(infected individual or
latent individual) at time t, which satisfies the relation:

() = T, PG | 103+ 28 p( | 1)

Here P(i|k) is the conditional probability of a node with degree k connecting to a node with degree i.

Because of the uncorrelated network [13], P(ilk) = iP(i)/{(k). The probability of a randomly selected node with
degree k is P(k), thus ¥_,P(k) = 1, (k) = ¥}_,kP(k) denotes the average degree, and (i) indicates the

probability of infection of a node with degree i caused by infected individuals; ,(i) indicates the probability of
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infection of a node with degree i caused by latent individuals. 1/i denotes the probability of contacting an
infected neighbor node with degree i at the present time step. The size of the population is constant.

Sk(®) + Ex(®) + L (0 + I () + Ry () = Ny () = e = V() /p (2.2)
So we can obtain:

() = 45 Ty "2 PAOL( + 5 Ty "2 PAOL(D 23)
The initial conditions for system can be given as follows:

Sk(0) = ny — Ex(0) — Ly (0) — I, (0) — Ry (0) > 0
E (=0 L(0)=0 I (0)=0 R(0)=0 @) >0
The parameters of the system are all nonnegative.

I11.  THEBASIC REPRODUCTION NUMBER AND STABILITY ANALYSIS OF COVID-19
FREE EQUILIBRIUM

We define the solution vector of the system (2.1) as:

X (® = [Si(®), Ex (1), L (1), I (1), R (D]T (3.1)
The basic reproduction number is defined as:
_ B(8+w+u)+ys (a1 (k) Y (a2 (k) 3.2)
07+l (B+y++o+py) (k) B+y+E+o+y) (k) '

Theoreml If R, < 1, the COVID-19 free equilibrium X, = [nk,0,0,0,0]T of system (2.1) is locally
asymptotically stable, and it is unstable when Ry > 1.
Proof:

Obviously, X, is a special solution of the equation(2.1), which is an equilibrium state. Next, we will prove
that X, is locally asymptotically stable by Lyapunov's first method.

Jacobian matrix of the equation(2.1) at X, as follows:

Ay A vt A
Jxex. = Axi Ay v A
=40 H H H H
Anl AnZ Ann 5nx5n
i a(K) @2 (K)P(k) a(K) @1 (K)P(k)
H 0 ) T w 0 ]|
&2 (K)PK) a(K) @1 (K)P(k)
0 —PB+y+w - 0|
Ay = @ ) (k) ) I k=1,23..n
0 Y —8+w+p 0 0|
0 B 5 —(t+l+p) 0|
L 0 0 w T —uJ
i _a®de:(WPEK  ad@i(PK)
00 (k) (k) 0
a2 (K)P(k) a1 (KPK)
A 00 (k) (k) 0
— .
(ili k) 0 0 0 0 0 k=1,2,3,...n; i=1,2,3..n
0 0 0 0 0
0 0 0 0 0-

The characteristic equation of Jacobian matrix as follows:
E+WE+T+{+ WO OE+B+y+ WO VE+8+ 0+ WO D {(x+1t+l+wWE+B+y+ W

E+8+w+pw)—yE+Tt+i+p <a(k):‘(}){2)(k))k -8 <a(k)<(]f)1(k)) —-Bx+8+w+p —m(k)(gl(k))} =0
Factors:
AT+ WE+FB+HY+WE+ 6+ 0 + ) — y(x + T + { + ) 2@ee@ 500,09

(k) (k)
{a) @1 (K))

(k)
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According to the Routh criterion, all characteristic roots of the system have negative real parts if the following
conditions are satisfied:
(T+i+u+p+y+pu+d+o+W[+i+WE+y+W+E+y+wW@E+o+w+

(LB + ) =y S — BEETRE — (r 4 L B+ + D@+ o+ ) -

V(T + 0 4 ) CRe 0k sy )<a(k)<p1(k)> _ ysleeaton
(k) (k) (k)
(a(k) @z (K))k {a(®) 1K) (a(k) @1 (k)
CHI+WE+HY+WE + o+ W) = YT+ T+ W= 2 = BE +w + ) e - yE T 2 > 0
After simplification, there are:
_ B @®@ei(®) | v (@ep(K) ¥8 (@)1 (K)
R, = A1 (k) A2 (k) (t+3+p+B+y+p)Al (k) <1 (3.3)
R. = B (a1 (k) Y (a2 (K)) ) (k)1 (k) <1 (3.4)
O 7 (r+g+ (B+y+) (k) (B+y+W(d+w+p (k) (T+3+) (B+y+) (+w+w) (k) ’
Here:

Al=(+l+WE+y+W+B+y+WE+o+W+T+I+WOE+w+ W+ (6 +w+p?
A2=(+T+WE+y+W+B+y+WE+o+W+T+i+WG+w+wW+ T +7+w?

thereare: Ry <Ry <1
So just satisfy the following:

B(8+w+p)+y8 (a(®)@1(K)) Y (a(®) 2 (k)
(T+T+W (B+y+W (8+w+p) (k) B+y+wW(8+w+p) (k)

0= <1 (3.5

If Ry < 1, all characteristic roots of the system have negative real parts, then the equilibrium state Xg is
asymptotically stable. If Ry > 1, at least one characteristic root of the system has a positive real part, then the
equilibrium state X, is unstable.

The proof is completed.

Theorem2 If Ry < 1, the COVID-19 free equilibrium X, = [ng,0,0,0,0]T of system (2.1) is globally
asymptotically stable.

Proof:

We will prove that X, is globally asymptotically stable by Lyapunov's second method.

Sk(®) + Ex(©) + L () + L. (t) + R (t) = ng is a constant, four equations can be taken:

I{dEk(t) a(R)P©)S () = BEL (D) — YEL () — pE, (D)

B = VE(O) — 0Li(®) — 8Lic(H) — pLi() (3.6)
| dIk(t) — BEk(t) + SLk(t) — ‘[Ik(t) —_ Zlk(t) ulk(t) |
(de—‘l(t) = 0Ly () + (1) — pRy(b)
We define the solution vector of the system (3.6) as:
= [Ek(t); Lk(t): Ik(t)i Rk(t)]T (37)

Let's take the Lyapunov function:

_ 1 oe1(®PK @1(KP(k)  8(B+y+u) @1(K)P(K) (0+8+p) (B+y+1)
V(x)_<k>z X Ek(t)+<k>z K o Bl o ys k()-"<k)z e Blorsrwrs KO
@2 (KP @2 (KP +y+u
(k>2—n Ex(D + <k>2—m( Y Lk (®)

Since all parameters are positive, the function V(x) is a positive definite function.

dv(x) _ aV(x) dEx(t) dV(x) dLy(t) 0V (x) dly(t) aV(x) dRg(t)
dt aEk(t) dt LD dt () dt ARE(D dt
= z“’i“‘”’“‘){ PO — B+ Y+ WE (D} + =& VE (D) — (0 + 5
W K Kk W4 ik Blatsrp+ys UK
HOLy (O} + g5 3 LOTRLEBE (BE, (6) + 5L () — (T + {+ W (D) +
15 0209709
@

K)P(k
(PO, — B +y-+ DEO) + 15 2 LB (yE (0 = (0 + 8 + WD)}
(@1 +@2 (K)PK) @1(OPEK) B+y+)(w+5+1)
= 5 2 e lPO 41 (OS5 (1) - 15 T L et (6) -

KPK)  S(B+y+w)
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1 o @2(KP(K) (B+y+p)(w+8+p) 1 o @e1(KPK) Yt +{+ ) —[B(w+8+p) +YyS
3 Li() — 5 2 P00 W , I (®

B+y+wWlw+6+

G )?K ) Y (K)+@2(K)P( )< ) ( )[%(()n+8+u)+v8]
_ (Bry+w)(w+8+p 1 (@1 (K)+@2(K)P(k Y 1 @1(KP(k _
B \E )P(k) {(k)z (KP(K) (a(k)(:)([?(Sk(St) ()B+V8;u)(m+8+u) <k)z b w0

1 @, (kK)P(k 1 @1 KPEK) y(t+{+p w+8+p)+y

Wi O Barsrorye k(D)

At the equilibrium point, the right side of equation(3.6) should be equal to 0.
((a)POS () — B+ Y+ WE(D =0
{YEk(t) —(w+8+wWl()=0

BEL(D) +8Lx(® — (t+ T+ wlk(® =0

oLy (t) + Tl () — uR (D) = 0

. Blw+8+w)+ys
We can he expression: 1 = k)®
e ca_ g«_att _e_e pressio lf(t) ST IRy a(R) D (t)S, (t)
Substituting it into the foIIowmg
v _ BHy+w(wt+8+p (1) +@2(K)P(K) Y 1 o @1(KPK)
dt { 2 aIPOO G S e~ w02 h(®) =

K
1 o @2(0P(Kk) 1 o @1(KPEK) y(t+i+W—[B(w+8+W+Y8]
((k)Z } )k() <1(<>)Z() T (Ororn@rynaen) (@[OS0}
B+y+w) (w+8+p @1(KP(k Blw+8+n)+ys
= — k)®
{ Z (k) (t)sk(t) (@+8+P) (B+y+p) (T+3+p)

1 cpz(k)P(k) e
( <k)>(2 n (k)d>(t)Sk(t) Ty o cpgt)}
Pt Blw+8+W)+y8
< BHy+(w+d+w) 1 L
< y d)(t){(k) Y, (K)P(K)a(k) (W+8+W (B+Y+1) (T+T+1) (k) Z(Pz(k)P(k)a(k) (B+y+u)(w+5+u) —1
_ Bry+w(w+s+w d)(t){(qh(k)oc(k)) B(w+8+W)+y8 (s (00010} iy T
K (@+8+R(BH+I) (THEHD 0 Bryr(@rotD

_ (B+v+u);w+8+u) DR, — 1}

If Ry < 1, dV(x)/dt<0, and only if x = 0, ®(t) = 0, dV(x)/dt = 0.

Therefore, the equilibrium state of origin X = (0,0,0,0) is asymptotically stable.

When | x l—o0, V(x)—0, then the system(3.6) is globally asymptotically stable at the origin X = (0,0,0,0)".
Because Sy (t) + Ei(t) + Ly (t) + [ (t) + Ry (t) = ng is a constant,

The system(2.1) is globally asymptotically stable at X, = [ng,0,0,0,0]T

The proof is completed.

V. EXISTENCE OF COVID-19 PREVAILING EQUILIBRIUM
Theorem3 When R, > 1, the system (2.1) has a COVID-19 prevailing equilibrium X, = (S¢,Ex Lk, I ;R )"

(% = V() — a()P(0)Sk(t) — S, (D)

B _ @ (D()S,(1) — BE(D) — YEL(D) — HE (D

dL(];t(t) = YE () — wL(t) — 8Ly (t) — pLy () @.1)
MO _ B, (8) + Lic (V) — Th(O) — (V) — (V)

dRy ()
(T = @Li(®) + (V) — MR, (V)

Proof:
At the equilibrium point, the right side of equation should be equal to 0.
V(k) —a(k)®*S; —pSp =0
[a(k)CD*SEZ —(B+y+mwWE=0
YEx —(w+8+ WLy =0
BER+ 6L — (t+{+ Wl =0
oLy +tly —pRE =0
Sk +Ep + L + I + R =g
So we get the following:
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_ Byt (e+8+) o«
|( S ya(k)d* L
| g — (m+8+u) L

k —
{ . B(m+8+u)+y8 (4.2)
Iy = K

y(T+3+p)

kR* _ oVt +t[Blo+8+w+vS] Lr
y py (t+3+)

L, = w (4.3)
I = nrak)d* u[B(m+8+u)+Y8] (4.4)

A3 = u(T+Z+u)(B+v+u)(w+8+u)+u(T+Z+u)a(k)<b (w+8+ P+ ur+ g+ walk)dTy +
pa(k)®*[B(w + & + w) + v8] + a(k P {wy(t + ¢+ p) + t[B(w + 6 + p) + v8]}

o = 1 n (Pl(k) P(k)lk +— Z ‘P:](k) P(k)L*
K

(k) Nk (k)
_ 1 n cp1(k) P(k) NKAK)P*pu[B(w+86+p)+y35] + Z @2(Kk) P(K) Nga(K)P*py (T+3+4)
(k) A3 nK A3
= F(CI) ) (4.5)

Apparently, ®*=0 is a trivial solution of (4.5), i.e., F(0) = 0. In order to let (4.5) have a non-trivial solution, i.e.,
0<d*<1, the right side of (4.5) must satisfy the following conditions:

dF(®*)
e | oo 1
dF(®7) _1yn [B(w+8+W)+Y8] Y
do* | =0 (K i=1 P2 (K)a(k) P(k) (TR By +1) (0+8+1) +<k>21 192 (1) ()P (k) (B+v+u>(w+8+u>
(a®) @1 (k) Blw+8+W)+y8 (a(® @2 (k) Y
= = RO > 1
(k) (THI+ W) (BHy+IW) (w+8+1) (k) (B+y+W) (0+5+1)

So, a nontrivial solution exists if and only if Ry > 1.

Inserting the nontrivial solution into Eq (4.3,4.4), we can obtain I, and L. By I, and L we can easily get:
0<S¢ <mi, 0<E <mi, 0<Ly <mi, 0<I <me 0<Re <y

Thus, the COVID-19 prevailing equilibrium X, = (S¢’, Ex, Li, I, R¢)" is well-defined.

Hence, when R, > 1, only one positive equilibrium X, = (S, Ex, Li, I, R¢)" of system (2.1) exists.

The proof is completed.

Remark. The basic reproduction number Ry depends on some model parameters and the fluctuations of the
degree distribution. Next, we discuss the influence of network topology and model parameters on the basic
reproduction number Rq.

_ B(8+w+p)+ys (a(k)pq (k) Y (a(K) @z (k)
O 7+l (B+y++o+y) (k) B+y+E+o+y) (K
_ B {a(®) @1 (k) Y8 {a(®) 1K) Y {a(®) @2 (k)
(T+3+W) (BH+y+w) (k) T+ W (B+y+W (S+w+w) (k) B+y+W(8+w+p) (k)

(a(®) 1 (K))
(k)

represent the probability of close contact with virus carriers in susceptible population. The larger

(k)1 (k) and {a(K) @2 (k) (a(K) @4 (k)
(k) y . (k) ' (k)

g 20e19) represent the connection of social network, we can limit flow of population and isolate close

(k)
contacts to reduce <°‘(k)<:f)1(k)) and <“(k)(‘}f)2(k)) and thus reduce R, and the spread of the virus.

The larger T and o are, the smaller Ry is, which will weaken the transmission of the virus. t and o represent
the cure rate of virus infected people, so it is of great significance to take appropriate treatment to improve the
cure rate for epidemic prevention and control.

Next, the global attractivity of the COVID-19 prevailing equilibrium is discussed. The main result is given in
the following theorem.

Obviously, the higher the infection coefficient p and vy, the more serious the virus transmission.

(a2 (K))
nd e

the larger R, which will accelerate the spread of the epidemic.

Lemma 1 ([14])
If a>0,b> 0, and dx(t)/dt <b — ax, when t > 0 and x(0) > 0, we have

b
!im supx(t) < "
If a>0,b> 0, and dx(t)/dt >b — ax, when t > 0 and x(0) > 0, we have

b
lim infx(t) > -
t—oo a
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Theorem 4 X, = (Sk, Ex, L, Ik, RQ)" is a solution of system (4.1) satisfying initial conditions
O<Ex<m, O<Li<mi, O<Ile<my

If Ry > 1, then

Lim t—o sz (Sk, Ek, Lk, Ik: Rk)T = Xk*z (Sk*, Ek*, Lk*, |k*, Rk*)T

where X, = (S, Ex, Li, Ik, Re )" is the COVID-19 prevailing equilibrium of (4.1) satisfying (4.2)
fork=1,2,...,n

Proof:

In the following, k is fixed to be any integer in (1, 2,...,n)

By Theorem 4  O< Ex<mk, O<Ly<mk, O<Ily<nmy

there exists a sufficiently small constant p(0 <p< 1) and a larger enough constant T > 0
suchthat I,(t)=p Ly(t)=p fort>T.

Thus fort>T

k k k k
PO = 50y EEPEOL() + 15 Dy ZEPOL(D) = 5 2, P E2EP(p = Yp > 0 (46)

Y- — Zkzl cpl(k);'k(PZ(k) P(k)
Step 1:
Submitting this into the equation of (4.1)
S <V - a)VpS(® —uS(®  t>T

dt
By Lemma 1 tlim sup Sp(t) < Va9

For any given constant 0<p < 2[a(0Yp+n]

There exists t;>T, for t>t; S, (D) < Xf(l) —py

@ V(k)
X Ot(k)Yp+p. + 2p1 < nk (47)

Step 2:
PO < @Z(cpl(k) + ¢, (K)P(k) :=2 (4.8)
we obtain from the second equation of system (4.1) that

dE(t)
—= < aOA( — B (D) = (B +y + WEL(® t>1t
a(k)Ang
a(RA+B+y+p < nk(k))\ }
o Nk

2[a(RA+B+y+u]

By Lemma 1 !im sup Ex(t) <
For any given constant 0<p, < mm{ » P

There exists t,> t;, for t>t, Ex(t) < Y}E ) — by < Mk
@ _ a®Aing
K7 q(on+B+y+p +2p; <Mk (4.9)

Step 3:

Then it follows from the third equation of (4.1) that

dL ()

S <y —L®) — (@+8+WL(® >t
By Lemma 1 ltim sup L () < —%— <y,

Y+w+8+p
For any given constant 0 < p; < min E P2, %}
There exists tz> ty, for t>tz L (t) < ZS) —ps < Mg

ZM = Yk 4 2p. <1 (4.10)

Y+w+8+p

Step 4:
Then it follows from the fourth equation of (4.1) that

dI ()
T < B~ I(®) + 8~ 1) = (T+ T+ WD t>t
(B+3)nk
By Lemma 1 llm sup I (D) < Froreriin < Mk
(B+8)nk
For any given constant 0 < p, < min {—, P3, m}

There exists t;> t3, for t>t; I, (1) < W}E ) Ps <Mk

B+8+‘r+(+p.

Step 5:
On the other hand, we substitute this into the first equation of (4.1)
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dsc];t(t) > V(k) — a(K)AS, (t) — uS, () t>t,
ByLemmal lim infS,(t) > a(g;‘)w

v(k) }

For any given constant 0 < p; < min{ , Pa Tatonra]
There exists ts> t4, for t>ts S, (t) = x )4 Ps

@ _ Vv
X} = wlorn 2ps (4.12)

Step 6:
It follows that
dEy (
L > a@Ypx® — BE (D) — VER() — REL(D)  t> tg
o (k) Ypx(
> X
By Lemma 1 !Lrg inf Ei (t) > Srron

i . |1 a(k)prl((l)
For any given constant 0 < pg < min {g' PS Sy
There exists tg> ts, for t>tg E (t) > y}({ﬂ + pg

@ _ a(k)pr(l) _
k= pmm ~ 2Ps (4.13)

Step 7:
The third equation of (4.1) implies that

dLg (D)

(,;tt > VY1(<1) — oLy (t) — 8L (t) —pLe(®  t>tg
@

By Lemma 1 tlim inf Ly (t) > @Y:,;ru

®
For any given constant 0 < p, < min 71 Pe Z(If;m}

There exists t;> tg, for t>t; Ly (t) = zk ) 4+ p7
@

2O = wngw —2p, (4.14)
Step 8:
It follows that dlk(t) >pyY + 820 — (t+ I+ WL t>t,
By Lemma 1 P_TO inf [ (t) = %
For any given constant 0 < pg < min 1, p7, %}
There exists tg> t7, for t>tg [, (t) > wk )4 Ps
= % — 2ps (4.15)

Step 9:
Due to p being a small positive constant, we can derive that

0<xM<x®, 0<y® < YV, 0<zP <z, 0<w® <w®

h0) = k) n ‘P1(:]).P(l) (]) + o Z (pZ(i),P(i) @ HO = % n, (P1(1)P(1) W(]) _|_ Zn (Pz(l)P(l) Z(]) (4.16)
1
We can easily get 0<h® < <D(t) <H® <2 (4.17)

Again, from the first equation of (4.1), we have

O < y(k) - aORDS (O ~ pSO > b
. V(K
By Lemma 1 lim sup Sk(V) < i@

For any given constant 0 < py < min{1/9, pg}
There exists ts> tg, for t>t; S, (t) < X\

@) _ . €)) V()
Xk = min {Xk - P1 m + pg } (418)
Step 10:

Then, from the second equation of (4.1), we have

B < aOHOXD — BEL() — VE(D) — uE(D)  t> 1t
] a(loH®X)
< —_— 8
By Lemma 1 !Lrg sup Ei (t) < Fyee—”
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For any given constant 0 < p;, < min{1/10, py}

There exists tip> to, for t>tyy  E(t) < Y = min {Ylﬁl) -0y, (4.19)

Step 11:

Consequently, from the third equation of (4.1), we have

deLt(t) <V - @+ 8+ Wl t> 1ty

(2)

(2
a()HWX}
By+u 10

By Lemma 1 11m sup L (t) < —*— u)+8+p

For any given constant 0 < pyy <min{1/11, pyo}

(2)
There exists ty;> tyo, for t>ty Ly (t) < Z* = min {zfj) —ps, 4o, } (4.20)

w+8+p
Step 12:
from the fourth equation of (4.1), we have
‘“““) <BY? + 627 — (T+{+ () t>t
k 11
pYP 182
T+i+p
For any given constant 0 < p;, < min{1/12, py;}
There exists t;,> ty;, for t>t;,
pY P 1872 }
12

By Lemma 1 tlim sup I (t) <

(4.21)

T+{+p

I () < WP = min {wf) _—

Step 13:
Turning back, one has
B0 > V() — alOH@S, () — uS (O t>ty,

dt
V(k)
By Lemma 1 llm inf Sp(t) = 2OHD

V(K }
2[a(OH@ +1]

There exists t;3> ty, for t>ty3 S (t) > x}(() = max{xk + ps , #‘Q)W — P13 } (4.22)
Step 14.
It follows that
B0 > a(l)h®x® — BE(D) — YE(®) — pE(®)  t> tyg
a(k)h(l)xl((z)
B+Y+u

For any given constant 0 < p;3 < min {E P12 »

By Lemma 1 ltim inf E () >

For any given constant 0 < p;, < min 4, P13 »

ot(k)h(l)xl((z)
2(B+y+w)

. @) (1) a(k)h(l)xl((z)
There exists ti,> ty3, for t>t;;  Ex () 2y, =max{y, ' + ps, — - — P14 (4.23)

B+y+p
Step 15:
The third equation of (4.1) implies that

dLy (t)
D > vy P — Ly () — SL (1) — pLy()) >ty

dt
vy

By Lemma 1 ltggo inf L, (t) = I

@
. YYk
For any given constant 0 < p;5 < mm{ = Piss 2(m+8+u)}

: @ ) Wi
There exists tis> ty4, for t>t;5 Ly(® =z, = maxyz,’ + p; , — P1s (4.24)

w+8+p
Step 16:
It follows that

dl“(t) > By? + 627 — (T+ I+ W) t>ty
o By D52
By Lemma 1 ltl_l;lt;lo inf I (t) = T{"’H

By£2)+6ziz)
2(t+Q+p)

For any given constant 0 < p;, < min {i P1s
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@), 5,2
There exists tie> tis, for >ty L () = w® = max {w]((l) + pg, % P1e } (4.25)
Repeating the above analyses and calculations, we get eight sequences:
xP oy g0 WO xO y® 7O WO =23 (4.26)
Due to the first four being monotone increasing sequences and the last four being monotone decreasing ones
there exists a sufficiently large positive integer L>2, such that | > L:

O (G yO _ atontTox)
k = a@on(Diy + Psi-7 kK = pryin Psi-6
0] 0 0)
O _ Yk O _ BY +87
Z, = m+8+u+ Psi-s W' = Tt Pai-4 (4.27)
W __V® @ _ aont-Dx)
kK T QGoHO+p  P8i-3 kK = pryrp Psi-2
L0 _ W WO _ Broren?
k w+8+p Psi-1 k THHR Psi
We can easily get that
P <s®<x? yO<EO=<Y® P<L®m<z® wP<imsw? (4.28)
10 T T T T T T T T T
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 — |
09 p====-- F=====R~===- T===== T====" T===== T====" a===== a=== ==
1 1 1 I 1 [} [} |
1 1 1 I 1 1 1
1 1 1 1 1 1 1 T
; 08 fp-=-=--- r=—=-=-fFr-\——-- T-——-- T-~——- T-—-~- T----" i e AT T AT T T
— 1 1 1 I 1 [} [} 1
i 1 1 1 I 1 1 1 1
@ 1 1 1 1 1 1 1 1
2 07 p-=-=--- r-=——t-M-1-~-- T—-—=~—-— T-——~-- T-—--- T AT T i el
E 1 1 1 1 I 1 1 1 1
= 1 1 1 1 1 1 1 1 1
5 06 fomnn- L ]
o 1 [} 1 1 1 1 1 1 1
H | | | | : | | | |
g 05 f----- F-- r ——t-=--- t--—=- t=—=-==- t---=- A---=- A==-=- i il
5 | | | I I i | | i
Ex I ] I I I 1 1 1 1
‘w04 r + m———— e ———— - ;- ———— -, ———— -, ———— - ————
= 1 1 1 1 1 1 1 1 1
= 1 1 1 1 1 1 1 1 1
@ I ] I I I 1 1 1 1
E 03 p=-=---- [ ——— - - === === 4 === 4= === === —_= ===
o 1 1 1 1 1 1 1 1 1
) 1 1 1 1 1 1 1 1
= 1 1 1 1 1 1 1 1
2 o2 bF---A-fomm-o PR VRN m———— dm——— dmm——— A= —— A ———— e ——— - ]
[ 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
0.1 ek ————— [ EE . VI N ———— 4 ———— [ R e ——— de——— J PR
1 1 I 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
0 15 30 45 60 75 90 105 120 135 150
days
Figure2 Density of L, and I, versus time(Ry=0.58 < 1)
Noting that 0 < p; < 1/1, one has: |-, p—0
taking l—oo, it follows from (4.27) that
_V(® _ a(RkHXk
k™ O((k)h+|J. k — B+y+u
__¥Yg __ BYg+8Zg
Zy = O+8+p Wi = T+ (4.29)
_ Vv _a(®hxy
k™ O((k)H+|J. k — B+y+u
_ _Y¥k Byk+6zk
Zk = 0+8+ Wk = T+
1 @1 (DP®) (1)P(1) 1 @1 (DP() @2 (DP()
h= L £ R H=—Yyn # —W, 22707, 4.30
(k) w Vitw Z . G4 ==y T Z no (430)
Further
k)h k 8 k)h k
o B alk) V(k) y ok V(k) (4.31)

T+3+u B+y+p a(R)H+p  t+l+p wo+8+p B+y+p a(k)H+p
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B a(®H V(K 5 Yy  a(®H V(&)
Wk - T+H{+p B+y+pa(®h+p  T+Hi+Hp 0+8+p B+y+p a()h+p (432)
_ Y akh V(&K _ % ak)H V(&)
Zk = w+8+1 B+y+p a(k)H+p Zy = w+8+p B+y+p a(k)h+p (433)
1.0 T T T T T T T
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
I S S B o 00 VORI SO S S e | L
1 1 1 1 1 1 1 |
1 1 1 1 [} [} [}
¢ 08 fo--oet S L F CEEEN
— 1 1 1 1 1 1 1 1
ﬁ 1 1 1 1 [} [} [} [}
I S I L VO O M A
E 1 1 1 1 1 1 1 [}
= 1 1 1 1 1 1 1 1
T S S S S L W LS LI LI LI S I
‘E 1 1 1 1 1 1 1
= 1 1 1 1 [} [} [}
1 1 1 1 1 1 1
gos pomeer SRR SRt BECE S RS SRLEt
=] 1 1 1 [} I I [}
ol 1 I 1 1 [} I I [}
‘m 04 F-—---- F=f-—Ft+t--—-- t———-—=%---- t----- +--=--- 4H-—-=-=-- H-=-==-- == == ==
= 1 1 1 1 1 1 1 1
< : : | | : : : : :
£ 03 F----- y i A i it ittt Rttty
£ N T
=202 F-—-—--FfroAf=---- m———— ————— _——— dm———— dm———- R ———— [ ppp—y—— ————— =
B 1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
0.1 e ——— e b —— - [ [ - . [ - e —— ]
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
0 15 30 45 60 75 90 105 120 135 150
days
Figure3 Density of L, and I, versus time(Ry=1.68 > 1)
Substituting (4.31, 4.32, 4.33) into h and H(4.30), respectively, one has
_1 3 e1 (PR B a® V(K 1 ) @1 (KPK) & y  ak) V(K
(k) Nk THEHRB+y+p a(®H+p (k) Nk THHR 0+8+u B+y+p a(K)H+p
1 3 e2(0PK) vy a® V()
(k) Nk o+8+p B+y+u a(KH+p
1=2L 3 1P B a® V(K 1 e1(WPK) 8 y  ak V()
(k) Nk T+{+p B+y+p a(K)h+p (k) Nk T+{+P w+8+p B+y+p a(k)h+p
1 3 e20PK) vy a) VK
(k) Nk 0+8+uB+y+palkh+p
By subtracting the above two equations, we arrive at
0=-L 3 1P B aV(k) a(k)(h—H) 1 > @1 (KPK) & Yy a®V(K) a(k)(h-H)
(k) Nk T+l+p B+y+p (a(®H+) (a(Kh+p) (k) Nk T+ P 0+8+p B+y+p (a(R)H+p) (a(k)h+p)
+ L 3 2P vy a®VEK a(k)(h—-H)
(k) Nk 0+8+p B+y+p (a(H+W(a®h+w)

It is obvious that: H=h

n n

1 0. (DP3) 1 e (DPG)
H—hz—Z— W, — w; +—Z— Zi—17) =0

(k) L _r]i ( 1 1) (k) " nj ( 1 1)
That Wi = Wi Zi = Zi i= 1,2,3, ..
wecanarriveat W,=w; X;=x; Yi=y; Zi=z 1i=123n
It follows that:

!lm Sk(t) = Xk = Xk !lm Ek(t) = Yk =¥k t111'1'1 Lk(t) = Zk = Zy 11:11'1'1 Ik(t) = Wk = Wk
Finally, substituting h = H into (4.28), in view of (4.2) and (4.29), we obtain:

Sk:Sk* Ek:Ek Lk: Lk Ik: Ik* Rk: Rk*

thatis:  X«=(Sk Ek Lk I R)" =X = (S, Ex, L, I, Re)T
The proof is completed
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Figure4 Density of L, and I versus time(Ry=3.01 > 1)

V. SIMULATION RESULTS AND ANALYSIS

In this section, we present several numerical simulations to illustrate the analysis results. We take the
community degree distribution to be P(k) = ck' (2 < 1 < 3), in which | = 3 and c satisfies Yr=1P(k) =1, n=1000.
We choose a(k) =ak, @1(K) = Kk, @,(K) = 0.7k, V(K) = vin.

In Fig. 2, the parameters are chosen as, = 0.001, y= 0.0015, p=0.007, =0.9, (=0.06, 6= 0.3, ®=0.6, R; = 0.58 <
1. The Ly peak value of asymptomatic infection reaches 0.89 x 10, and the I, peak value of symptomatic
infection reaches 0.71 x 10™. After 65 days, all the cases are cleared and achieve good epidemic prevention
effect.

In Fig. 3, the parameters are chosen as, = 0.006, y=0.001, u=0.007, ©=0.9, {=0.06, 5= 0.3, ®=0.5, R = 1.68 > 1.
the L, peak value of asymptomatic infection reaches 0.98 x 10, and the I, peak value of symptomatic infection
reaches 0.89 x 107, Infected people always exist, and finally reach equilibrium. The effect of epidemic
prevention is not satisfactory. Because the infected people always exist, once the epidemic prevention is relaxed,
the epidemic will break out again.

In Fig. 4, the parameters are chosen as, f= 0.1, y= 0.15, p=0.007, ©=0.9, =0.06, 6= 0.3, ©®=0.5, R; = 3.01 > 1.
the L, peak value of asymptomatic infection reaches 0.98 x 10, and the I, peak value of symptomatic infection
reaches 0.82 x 107, Infected people always exist. Finally, a balance of high infection rate is achieved.

In Fig. 5, the parameters are chosen as, = 0.006, y=0.001, u=0.007, ©=0.9, (=0.06, 5= 0.3, ®=0.5, R = 1.68 > 1.
The Fig. 5 describe the time series of the infected individuals I, with different degree. Obviously, we can see
that the positive level will be higher with the increase of degree. The more network connections, the more
contacts between people, and the larger Ro, which is conducive to the spread of the COVID-19. We find that the
larger degree leads to a larger value of the spreading level. Therefore, reducing the gathering and flow of people
is conducive to reducing the spread of the COVID-109.
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Figure5 Dynamic behavior of I, with different degree (R,=1.68 > 1)

VI. CONCLUSION

In this paper, we propose a new SELIR COVID-19 spreading model in complex social networks. With
the mean field theory, the spreading dynamics of the model is analyzed in detail. By Lyapunov's first method, it
is proved that the COVID-19 free equilibrium X, is locally asymptotically stable, and the basic reproduction
number R, is obtained. The global asymptotic stability of the COVID-19 free equilibrium X, is proved with
Lyapunov's second method. The basic reproduction number R, not only determines the existence of COVID-19
equilibrium, but also determines the global dynamic behavior of the model. If Ry < 1, then X, is globally
asymptotically stable. No matter what the initial value of the infected individuals, the infected individuals will
disappear eventually. If R, > 1, then the COVID-19 prevailing equilibrium X, is globally asymptotically
attractive, it is that the infected individuals will continue to exist and converge to a positive stable level.

We also investigate the influence of some model parameters on COVID-19 spreading. With the

increase of degree, the COVID-19 spreading level will be higher. The larger <°‘(k)<f)1(k) ) and m(k)(‘]f;(k) ) the larger

Ry, which will accelerate the spread of the epidemic. we can limit population mobility and Gathering activities,

isolate close contacts, reduce <°‘(k)<‘}f)1(k)) and <°‘(k)(‘}f)2(k)), and thus reduce R, and the spread of the virus.

The higher the infection coefficient  and vy, the more serious the COVID-19 transmission. The larger t
and o are, the smaller Ry is, which will weaken the transmission of the virus. it is of great significance to take
appropriate treatment to improve the cure rate for epidemic prevention and control. These results will help to
formulate policies to curb COVID-19. The study has important significance for effectively predicting and
preventing COVID-19 spreading.

ACNOWLEDGMENTS
This work is supported by the National Natural Science Foundation of China under Grants 61672112,
61873287.

REFERENCES
[1]. World Health Organization: Coronavirus. Cited February 19, 2020. Available from: “WHO COVID-19 situation report 29” (PDF)
[2]. Ferguson, N.M., Laydon, D., Nedjati-Gilani, G., Imai, N., Ainslieet, K., et al.: Impact of non-pharmaceutical interventions (NPIS)
to reduce COVID-19 mortality and healthcare demand. Report, Imperial College COVID-19 Response Team, London (2020).
https://doi.org/10.25561/77482

DOI: 10.35629/6734-1101012033 WWW.ijesi.org 32| Page


https://doi.org/10.25561/77482

Spreading dynamics of COVID-19 SELIR model in complex social networks

[3].
[4].
[5].
[6].
7.

8.
[a].

[10].
[11].
[12).
[13].

[14].

W. Wang, J. Tang, F. Wei, Updated understanding of the outbreak of 2019 novel coronavirus 2019-NCOV) in wuhan, China J. Med.
Virol. 92 (2020) 441-447.

Y. Cheng, J. Cheng, Y. Jiang, K. Liu, A time delay dynamic system with external source for the local outbreak of 2019-NCOV,
Appl. Anal. (2020).

Y. Yan, Y. Chen, KJ. Liu, et al., Modeling and prediction for the trend of outbreak of NCP based on a time-delay dynamic system
(in Chinese), Sci. Sin. Math. 50 (2020) 385-392, doi:10.1360/SSM-2020-0026.

Z. Yang, et al., Modified SEIR and Al prediction of the epidemics trend of COVID-19 in china under public health interventions, J.
Thorac. Dis. (2020).

X. Wang, S.Y. Tang, Y. Chen, et al., When will be the resumption of work in Wuhan and its surrounding areas during COVID-19
epidemic? A data-driven network modeling analysis (in Chinese), Sci. Sin. Math. 50 (2020) 1-10, doi:10.1360/SSM-2020-0037.
Brauer, F., van den Driessche, P., Wu, J.: Mathematical Epidemiology. Springer, Berlin (2008)

Martcheva, M.: An Introduction to Mathematical Epidemiology. Springer, New York (2015)

Zaman, G., Jung, H., Torres, D.F.M., Zeb, A.: Mathematical modeling and control of infectious diseases. Comput. Math. Methods
Med. 2017, Article ID 7149154 (2017)

R. Smith, Modelling disease ecology with mathematics, Diff. Eqn. Dyn. Sys. 5 (2020). 2nd Ed., American Institute of Mathemati cal
Sciences

E. Beretta, T. Hara, W. Ma, Y. Takeuchi, Global asymptotic stability of an SIR epidemic model with distribured time delay,
Nonlinear Anal. 47 (2001) 4107—-4115.

Bogufia, M., Pastorsatorras, R., Vespignani, A.: Epidemic spreading in complex networks with degree correlations. In: Statistical
Mechanics of Complex Networks (2003)

Chen, F.: On a nonlinear nonautonomous predator-prey model with diffusion and distributed delay. Comput. Appl. Math. 180, 33—
49 (2005)

Xiulian Chang. "Spreading dynamics of COVID-19 SELIR model in complex social networks.”

DOI- 10.35629/6734

| |
I 1
| International Journal of Engineering Science Invention (IJESI), Vol. 11(01), 2022, PP 20-33. Journal !
| |
1 I

DOI: 10.35629/6734-1101012033 WWW.ijesi.org 33| Page



