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. Introduction

Fixed point theory has been one of the most rapidly developing fields in analysis during the last few
decades. It is well known that the contractive-type conditions are very indispensable in the study of fixed point
theory. The first important result on fixed points for contractive-type mappings was the well-known Banach -
Caccioppoli theorem which was published in 1922. It is widely considered as the source of metric fixed point
theory. Also, its significance lies in its vast applicability in a number of branches of mathematics.

One of the most common applications of the fixed point theory is the problem of existence and
uniqueness of solutions of initial and boundary value problems for differential and integral equations. The
number of studies dealing with such problems has increased considerably in the
recent years.

In 2006, Mustafa in collaboration with Sims introduced a new notion of generalized metric space called

G -metric space [10]. In fact, Mustafa et al. studied many fixed point results for a self-mapping in G -metric
space under certain conditions, see [9,10, 11, 12, 13]. For other results on G -metric spaces, see [14,15,16,17].
In the present work, we study some fixed point result for a self-mapping in a partially ordered complete G -
metric space X satisfying (&,77) contractive condition with its application to solve the initial value problem.

Following preliminaries and basic definitions are used through-out the paper.

Definition 1.1: Let X be a non empty set, and let G: X x X x X — R™ be a function satisfying the
following properties:

(G)) G(x,y,2)=0if x=y=1

(G,) 0<G(x,x,y) forall X,y e X with X#Y

(G3) G(X, %, YY) <G(X,Y,2),forall X,y,z € X , with Y # Z

(G,) G(x,Y,2) =G(x,2,y) =G(Y, z,X) (Symmetry in all three variables)

(Gy) G(x,Y,2) <G(x,a,a) +G(a, y,z) ,forall X,y,z,ae X (rectangle inequality)

Then the function G is called a generalized metric , or more specially a G - metric on X , and the pair
(X ) G) is called a G —metric space.

Definition 1.2: Let (X,G) be a G - metric space and let {X, } be a sequence of points of X , a point X € X
is said to be the limit of the sequence{X,}, if lim G(X,X,,X,,) =0, and we say that the sequence {X, }
n,m—+0

is G - convergentto X or {X,} G -convergesto X.
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Thus, X, > X in a G - metric space (X,G) if for any €> 0 there exists K € N such that
G(x,x
Proposition 1.3: Let (X,G) bea G - metric space. Then the following are equivalent:
i){X,} is G - convergent to X

i) G(x
iii ) G(X,,,X,X) > 0 as n —> 400
iv)G(X ,X ,X) > 0as n,m— 4o

Proposition 1.4 : Let (X,G) be a G - metric space. Then for any x ,y , z, ain X it follows that
i) If G(X,y,2)=0 then X=y =12
ii) G(X,Y,2) <G(X X, y)+G(X,X,2)
iii) G(x,Y,Y) <2G(Y, x,X)
iv) G(x,¥,2) <G(x,a,2)+G(a,y,2)

V) G(x,Y,2) S%(G(x, y,a)+G(x,a,2) +G(a,Yy,z))

viy  G(x,Y,2) <(G(x,a,a)+G(y,aa)+G(z,a,a))
Definition 1.5: Let (X,G) be a G - metric space. A sequence {x,} is called a G - Cauchy sequence if for
X)—0

X,,) <€ ,forall m,n>k

LAY

X) >0 as N —> 400

n? n'

n!m?

any €> 0 there exists K € N such that G(X
as n,m,| >+

01 Xy X ) <€ forallm,n,l >k, that is G(X,,, X,

Proposition 1.6: Let (X,G) be a G - metric space .Then the following are equivalent:
i ) The sequence{X, } is G - Cauchy;

i ) For any €> Othere exists K € N such that G(X,,, X,,, X, ) <€forallm,n >k

n! *m:?
Proposition 1.7: A G - metric space (X,G) is called G -complete if every G -Cauchy sequence is G -
convergent in (X, G).

Definition1.8: A function ¢ :[0,00) — [0, o) is said to an altering distance function if it is continuous , non-

decreasingand @(t) =0 ifandonlyif t =10

Il. Main Result
Theorem 2.1: Let (X,G,<) be a complete G-metric space and T : X — X be a self map satisfying

SC(G(TX’T%T ZX))S f(ﬂ(x1 y1TX))_ 77(/“()(’ y’TX))"' P(m(x’ y’TX)) (2.1.1)

for all X,y € X with X<y;&n: [0, OO)—) [0, OO) are both continuous , non-decreasing functions with

g(t):ozn(t) ifand only if t = 0and f(t)<t forall t >0.Let P>0

also (X, y, Tx) = max {G(x, y, Tx), G(x, Tx, Ty), G(y, Ty, T 2x), G(Tx, T 2x, Tx)}

m(x, y,Tx) = min .{G(x, Y, TX), G(x, T, Ty), G(y,Ty,T 2x), G(Tx,T "'x,Tx),
G(x, Ty, Ty), G(y,Tx, Tx),G(Tx, Ty, Ty)

X, € X suchthat X, <TX, then T has a unique fixed point in X.

} If there exists

Proof: Let X, be an arbitrary point in X. Define the sequence {Xn }as Xp = TXy 4

Let X, # xn+1 Xnp = 1X

By setting X = , Y=X,, TX=X,,; in(2.1.1),

é(G(Txn_l,Tx Tty = £(6 6 5y ,.2)

Eealxo1 X0 X ) =X X0 X )+ PG X0 X00)) - 222)

IA
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where

m(xn—l’ Xy Xn+1) = min {

n-1? *n? n+l

G(X Xy, X )’ G(Xn—l’TXn—l1TXn )1 G(Xn ’TXn 1TXn+1 )’ G(Xm—l 1TXn+l 1TXn—1 )’
G(Xn—l'TXn ’TXn )' G(Xn 'Txn—l’TXn—l )’ G(Xn+l’TXn 'TXn )

=0
/Ll(xn*l’ Xn ! Xn+l) = max '{G(anl ! Xn ! Xn+l )’ G(anl ’Txnfl 'Txn )’ G(Xn ’Txn 'Txn+l )’ G(Xn+1 'Txn+l 'Txnfl )}

= max. G(Xn—l’ Xns Xna )1 G(Xn—1’ Xns Xni )’ G(Xn 1 Xnsao Xny2 )1 G(Xn+1’ Xn+2s Xn )}
= Max '{G (Xn—l’ Xns Xni )’ G(Xn 1 Xnao Xniz )}

If ,U(Xn—lf Xns Xn+l) = G(Xn 1 Xna1s Xne2 ) , then

SE(G (Xn 1 Xniao Xniz ) = GZ(G (Xn 1 Xnio Xni2 ))_ 77(G (Xn 1 Xnao Xniz )) » which implies that

77(G(Xn y Xiigs X0 )) =0 and hence, G(Xn v Xigs Xiio ) =0

ie. X, =X, =X which is a contradiction to the initial assumption.

)=G(X, 4, X, X,y )

n-1!*n? n+l

n+2

Therefore only possibility is that ,u(xn_l, X X
Therefore CE(G (Xn ' Xn+l’ Xn+2 )) < g(G(Xn—l’ Xn ' Xn+l )) - U(G (Xn—1' Xn ! Xn+1 )) (2'1'3)
i'e' CE(G (Xn 1 Xn+1' Xn+2 )) S f(G (Xn—l’ Xn ! Xn+l ))

Since & is non-decreasing , therefore G(Xn > S Xn+2)s G(xn_l, Xn,X,Hl) ,for n>1.

i.e. The sequence {G(Xn y Xpaar Xii2 )} is decreasing and positive. Therefore it will converge to some positive

n+1

numbersay I > 0.

Therefore taking limitas N —> 00 in (2.1.3) implies that £(r) < &(r) —n(r),

itimplies7(r) =0 and hence I = 0.

- lim G(X,,, X1, X, ) =0 (2.1.4)

n? *n+l? n+2
n—oo

Also by using (G, ) one can write , lim G(x., X, ;,X,,;)=0 (2.15)
n—o0

Now, to show that {Xn } is a G-Cauchy sequence.
On the contrary assume that , {Xn } is not a G-Cauchy sequence.

Therefore there exists an€> O for which the subsequences {Xm(i) } and {Xn(i) }of {Xn }can be obtained with

n(i) > m(i) > i suchthat G(X, ), Xy s Xmgy ) =€ (2.1.6)
Also corresponding to m(i), one can find N(i) in such a way that it is the smallest integer with n(i) > m(i)
and satisfying (2.1.4) then G (Xo_sy» Xy » Xmy ) <€ 2.1.7)

By using (2.1.6) and rectangular inequality ,it can be written that
€ < G(Xn(i) 1 Xiniy Xm(i)) < G(Xn(i) 1 i) 1 Xn(i-1) ) + G(Xn(i—l) 1 Xiniy 1 Xm(i))

< G(xn(i),xn(ifl),xn(ifl)) + € (2.1.8)
Also,0 < G(Xn(i)’xn(i—l)’xn(i—l)) = G(Xn(i—l)’xn(i—1)1xn(i))
Applying limitas i — oo and using (2.1.5) G(Xn(ifl),xn(ifl),Xn(i))—> 0 (2.1.9)
Therefore by using (2.1.8) we have , !I_To G(Xn(i) +Xingiy Xm(i)) =€ (2.1.10)

Again by using rectangular inequality, one can write

G(Xn(i) 1 Xin(iy » Xmi) )< G(Xn(n » Xn(i-1) » Xni-p )+ G(Xna—l) 1 Xm(i-1) » Xm(i-a) )+ G(Xmu—l) 1 XiGi) Xm(i))
G(Xn(i—l) 1 Xin(i-1) 1 Xm(i-1) )S G(Xn(i—l) 1 Xniy r Xngiy )+G(Xn(i) 1 Xingiy 1 Xmiy )+G(Xm(i) 1 Xin(i—1) 1 Xmiz) )
Applying limit as I — coand using (2.1.9) , (2.1.10),
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Ilm G( n(| 1)1 m(|—1) ' Xm(l—l)) € (2.1.11)
Now by using (2.1.2) , (2.1.6) and (2.1.7) ,

f(G(TXn(i_leXm(i-l)’szn(i—Z))) = §(G( Xn(iy m(n)’xn(u)))
Sf(ﬂ( n(i—l)' m(i—l)'TXn(I72)» n(ﬂ(xn(ifl)’Xm(ifl)’Txn(ifZ)»
+ P(m(xnufl)’Xm(ifl)’TXn(i—z) )) (2.1.12)
where
G X i1y » Xmizgy » TXngi 1)) G( Xniay TXnginyr DXy )

(x
G( m(i-1) ’Txm(l -1) ’T Xn(l -2) ) G(Txn(i—l) ’T 2Xn(i—Z) ’TXn(i—l) )’
(x

G n(| -1) ’ m(| -1) ’ m(i—l) )’ G( m(i—l) ’TXn(i—l) ’TXn(i—l) )’
(Txn(i—l) 'Txm(i—l) 'Txm(i—l) )

m(xn(i—l) ’ Xm(i_l) aTXn(i_z) ) =min.

For limitas i — coand using (2.1.9)  lim m(xn(i_l),Xm(i_l),TXn(i_z))= 0 (2.1.13)
T i

(X y Ty ) max G(Xn(i—l) » Xin(ic) 'Txn(i—l) )' G(Xn(i—l) 'TXn(i—l) 'TXm(i—l) )'
H\Rnii—nyr Amei-ny 0 ' Rniz2) )= : 2 2
G<Xm(i—l) 'TXm(i—l) T Xn(i-2) )1 G(Txn(i—l) T Xn(i-2) 'Txn(i—l) )

— max G(Xn(i—l)’ Ximci-1) » Xn(i) )v G(Xn(i—l) » Xngiy » Xm(i) )v
G(Xm(ifl)’ Xm(i) * Xn(i) )’ G(Xn(i)’ Xn(iy s Xn(i))
Applying limitas I — 00, using (2.1.9) and (2.1.10) ,
I|m ,u( Xngi-1)r Xm(ioa)» DX 2)) {e,e,e,0}=¢ (2.1.14)

Therefore from (2.1.12) as | — o using (2.1.13) and (2.1.14) ,we get &(€)<<&(e) —n1(e),
itimplies that 77(€) = 0i.e. €= 0, which is a contradictionas €> 0
Therefore {Xn } is a G-Cauchy sequence.
Since X is a complete G-metric space , .’ {Xn} converges to some U € X .
Therefore lim G(x,,, X u) lim G(x,,u,u)=0 (2.1.15)

n?!“n?
N—o0 n—0

Now , to show that u is fixed point of T.
ReplacingX=U , y = TX=X,,in (2.1.1),

n+l !

f(G(TU TXn+1’ n+l)) <§( ( ’ n+l’Tu)) 77(/”( ' n+l’Tu))+ P( ( ’ n+1’Tu)) (2'1'16)

where

m( ’ n+1,TU) min. G( ! n+11Tu) G(U TU TXn+l) G( n+1’TXn+1’TXn+1)1G(Tu’TXn+1’Tu)’
C:"(u’TXn+1’TXn+1) G( n+1'Tu TU) G(Tu’Txn+l’TXn+l)

Taking limitas N —> oo implies lim m(u, x_.,,Tu)=0

2(x, y,TX) = max.{G(x, y, Tx), G(x, Tx, Ty), G(y, Ty, T 2x), G(Tx, T 2%, Tx)}
AISO ,IJ( ' n+l’Tu):maX'{G( ’ n+1’Tu) G(U’Tu’Txn+l)’G( n+l’TXn+l’TXn+1
Taking limitas N —>o0, lim z(u, x,,,,Tu)=max{G(u,u, Tu),G(u,Tu,Tu)}
<G(Tu,u,u)+G(u,Tu,u)

As N —>oofrom (2.1.16) , £(G(u,u, Tu))<&(G(u,u, Tu))-7(G(u,u, Tu))+0

),G(Tu,Tx,,,, Tu)}
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ie. £(G(u,u, Tu))<E(G(u,u, Tu))-7(G(u,u,Tu)) , it implies that 77(G(u,u, Tu))=0

ie.G(U,u,Tu)=0ie.Tu=u
Hence u is fixed point of T.

Now , to prove the uniqueness of u.
If possible , assume that v is another fixed point of T.

Therefore consider , f(G(u, u,Tv))=§(G(Tu,Tu,Tv))
<&E(u(u,u,v))=17(2e(u,u,v)) + P(m(u,u,v)) 2.1.17)

where
m(u,u,v)=min {G(u,u, Tu),G(u, Tu, Tu),G(u, Tu, Tv), G(Tu, Tv,Tu), G(u, Tu, Tu), G(u, Tu, Tu), G(v, Tu, Tu )}
Therefore m(u,u,v)=0
2(x,y,T%) = max.{G(x, y, Tx), G(x, Tx, Ty), G(y, Ty, T 2x), G(Tx, T 2%, Tx)}
and £(u,u,v) = max.{G(u,u, Tu),G(uTu,Tu),G(u, Tu,Tv),G(Tu, Tv, Tu)}
= max.{G(u,u,v),G(v,v,u)}
=G(u,u,v) (. G(v,v,u)< G(v,u,u,)+G(u,v,u))
- &(G(u,u,v)) < &(G(u,u,v)) - 7(G(u,u,v)) + 0, it gives 7(G(u,u,v)) = 0
ie. G(u,u,v)zO , and hence it implies that U =V.
Hence u is the unique fixed point of T.

I11. Application
As an application of the Theorem 2.1, consider the problem of existence and uniqueness of an initial value
problem defined by a non linear heat equation in one dimension. Such an initial value problem is defined as
follows:

YV, () =y, () +Y(Xtuy,), —o<X<owo , 0<t<T
(3.1)
y(x,0) = 4(x)

where ¢ is assumed to be continuously differentiable, ¢ and ¢' bounded , Y (X,t,Y, Y, ) is continuous

function.
Definition 3.2: A solution of the initial value problem (3.1) is any function y = y(X,t) defined in Rx | ,

where | =(0,T], C is the set of all continuous functions defined in R x | satisfying the equation and the
condition in (3.1) and also the conditions:

(i) yeC(RxI)
(ii) Y., Y, ad Yy, €C(RxI)
(iii) y and Y, are bounded in Rx |
Consider the space X defined as , X ={u(x,t) :u,u, e C(Rx1) and || u || < oo}

where the norm on this space is defined as || u || = sup |u(x,t)| + sup |uX (X,t)| (3.3)
xeR,tel xeR,tel

The set X endowed with the norm || . ||defined in (3.3) is a Banach space. Define a G-metric

on X as follows:
G(u,v,W) = sup |u(x,t) =v(x,t)| + sup [u,(x,t) = v, (x,t)[+ sup [v(x,t) —w(x1)|
xeR, tel xeR tel xeR,tel
+ sUp [V, (X, 1) =W, (X, 1) + sup Ju(x,t) —w(x,t)|+ sup |u, (x,t) —w,(x,1)|
xeR tel xeR tel xeR, tel

Then (X ) G) is a complete G-metric space . Define also a partial order <on X as
uveX ,usvsuxt)<v(xt), u,(xt)<v(xt),forany Xe Randtel.
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It can be easily verified that every pair of elements in X has a lower bound or an upper bound. For any U,V € X
max{u, v} and min{u, v}are the lower and upper bounds for u and v respectively. Let {vV, } = X be a
monotone non-decreasing sequence which converges to v in X ..

Then, forany X € Randt € | , we have

v, (X, t) v, (x,t) < ———<v, (X,t) £ ———and v, (X,t) <V, (X, t) < ———<v_ (X, 1) < ———
Moreover, since the sequences{V, (X,t)}and {v,, (X,t)} of real numbers converge tov(x,t)and v, (X,t)
respectively , .. forall xe R, t e | and N >1 the inequalities v, (X,t) <Vv(X,t)and v,, (X,1t) <V, (X,t)
hold. Therefore v, <V forall n 2 1 and hence the set ( X, < ) with the G-metric defined above satisfies

v, <v  forall n>1.

Definition 3.4: A lower solution of the initial value problem (3.1) is a function Yy € X such that

V(X0 <y (X)+Y (XY, Y,), —o<x<owo,0<t<T

y(x,0) < ¢(x) , —0< X<

where the function ¢ is continuously differentiable , both ¢ and ¢ are bounded , the set X is the set defined

above and Y (X,t,Y,Y,) is continuous function.
Consider the following theorem for the solution of the initial value problem (3.1).

Theorem 3.5: Consider the problem (3.1) and, assume thatY : Rx | x R x R — R is a continuous function.
Suppose that the following conditions hold:

(1) Forany a >0, the function Y (X,t,s, p), where |S| <o and |p| < @ is uniformly continuous in x

and t, for each compact subset of Rx | .

-1
1 A1
(2) There exists a constant ¢, < §[T +2r 2T? , such that

0<Y(xt,s,,p,)-Y(Xts,p)<eInf(s,—s, +p,—p,+1)
forall (S;, p;)and (S,, P,)in RxR with S, <S, and p,; < P, .

(3) Y is bounded for bounded s and p.
Then the existence of a lower solution for the initial value problem (3.1) provides the existence
of the unique solution of the problem (3.1).
Proof: It is clear that the problem (3.1) is equivalent to the integral equation

o0 t
y(xt) = [k(x=¢, D) d¢ + [ [k(x=¢ t=2)Y (£, ¥(¢ 1), Y, (¢, 7)) d de
—o 0 —o
forall Xe R and 0 <t <T , where the function k(X,t) is the Green’s function of the problem defined as

1 —x?
k(x,t) = ex forall XeRand 0 <t
(= p{ 4t}

The initial value problem (3.1) has a unique solution if and only ifthe above integral equation has unique
solution y such that y and Y, are continuous and bounded for all x eR and 0<t<T.

Define a mapping f : X — X by

(fyY)t) = [k(x=¢ DA +[ [k(x=¢ t=2)Y (£, 7,u(S, 7).y, (£ 7)) d¢ dr

forall Xe Randtel
The fixed point y € X of a function f is a solution of the problem (3.1) , where f is non-decreasing as by
condition (2) of Theorem 3.5 for y > Zand Y, = Z,, one can write

Y (Xt y(xt),y, (1) =Y (Xt z(x1),z,(x1t))
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Since k(x,t) >0 forall (x,t) e Rx 1,

(fy)t) = [k(x=¢ D) S +] [k(x=¢,t=2)Y (£, 7,¥($ 1), y, (¢, D)dS de

> [k(x=¢£ QIS +] [k(x= t=1)Y({ 724,02 (£ 1) d¢ dr

= (_f z)(x,t) 0
ie. (fy)(xt)>(f z)(x,t) ,forall Xe Randte |

Also, |(f y)(x,t) —(f 2)(x,t)|

[kx=¢ =)V (€. 0. ¥(&2)y (€)=Y (€7, 2(L 7). 2, (& 7)) dg d

—8 3

N
SI k(x=&,t=7)a, Inf(y(,7) —2(5,7) + Y. (£, 7)) -2, (£, 7) +1)dSdr

8

<a, Inf(G(y, z, fy) +1).tf ]gk(x—g,t —-7)d{dr

—00

<a, Inf(G(y, z, fy) + DT (3.6)
where Inf(y(&,7)—2(,7)+ Y, (£ 7)—2,(¢,7) +1)
< inf(2§supl|y(:,r) -2(¢,7)|+ 2§sgpl\y; €. 0)-2.(£.7)|+D)

eR,re

=inf(G(y, z, fy) +1) (3.7)
t o

andjjk(x—g,t—r)d;drﬂ 3.8)
0 —o0

Since every pair of elements of X having lower bound or an upper bound and for every X, Y € X there exists
Z € X which is comparable to both x and y. Therefore , either Z or fy are comparable or there exists some
U € X which is comparable to both z and fy.

In either case , it can be shown that

(PO = (F2y)(1)| < o INf(G(y, 2, fy) + DT (3.9)

and|(fy) () = (f*y)(x1)| < &, INF(G(y, 2, fy) + DT forall y >z (3.10)
By using differentiation under integral sign ,

t o

%(x,t)—%(x,t) < o, Inf(G(y, z, fy)+1)£ﬂ%t(x—§,t—r)d§dr

1 1
< o, Inf(G(y, 7, fy) +1)27 2T 2 (3.12)

2 t o

%(x,t)— 8f8xy (X, ) < o, INf(G(Y, z, fy)+l)£_]f—a§(x—§,t—r)d§dr

1 1
<, inf(G(y, z, fy) +1)27 2T 2 (3.12)

%(x,t)—%zy(x,t) dgdr

<o, Inf(G(y, z, fy) +1)j T‘J%i(x—g“,t —7)
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1 1

< o, Inf(G(y, z, fy) +1)27 2T 2 (3.13)
Using (3.6) , (3.9) and (3.10) with (3.11) , (3.12) and (3.13), it is concluded that

1 1
G(fy, fz, f2y) <3, (T +27 2T 2)inf(G(y,z, fy) +1)

<inf(G(y, z, fy) +1) (3.19)

Define &,77: [O, oo) - [O, oo) both continuous , non-decreasing functions with &(t) = 0 = 7(t) if and only if
t=0and &(t) <t forall t > 0.
From (3.14), £(G(fy, fz, f 2y)) < G(fy, fz, f ?y)

ie. £(G(fy, fz, f2y)) < E(u(y, z, Ty)) —n(u(y, z, fy)) + P(m(y, z, fy)) is the contractive condition of
Theorem 2.1 and &, M are having same value as Theorem 2.1.

If a< fa then a(x,t) isa lower solution of (3.1).
For —oo< ¢ <ooand 0 <7 <t wehave

a(xt) < [k(x=¢ D) d¢ + ] [k(x=¢ t=7)Y (S 7,a(¢ )8, (¢, 7)) d¢ dr

= (fa)(x,t) ,forall Xxe R and t € (0,T]

Therefore by Theorem 2.1 f has a unique fixed point. It completes the proof.
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