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I. Introduction 

Fixed point theory has been one of the most rapidly developing fields in analysis during the last few 

decades. It is well known that the contractive-type conditions are very indispensable in the study of fixed point 

theory. The first important result on fixed points for contractive-type mappings was the well-known Banach - 

Caccioppoli theorem which was published in 1922. It is widely considered as the source of metric fixed point 

theory. Also, its significance lies in its vast applicability in a number of branches of mathematics. 

One of the most common applications of the fixed point theory is the problem of existence and 

uniqueness of solutions of initial and boundary value problems for differential and integral equations. The 

number of studies dealing with such problems has increased considerably in the  

 recent years. 

In 2006, Mustafa in collaboration with Sims introduced a new notion of generalized metric space called 

G -metric space [10]. In fact, Mustafa et al. studied many fixed point results for a self-mapping in G -metric 

space under certain conditions, see [9,10, 11, 12, 13]. For other results on G -metric spaces, see [14,15,16,17]. 

In the present work, we study some fixed point result for a self-mapping in a partially ordered complete G -

metric space X satisfying ),(  contractive condition with its application to solve the initial value problem. 

 

 Following preliminaries and basic definitions are used through-out the paper. 

Definition 1.1: Let X  be a non empty set, and let 
 RXXXG :  be a function satisfying the 

following properties: 

)( 1G 0),,( zyxG
 
if zyx   

)( 2G ),,(0 yxxG
 
for all Xyx , ,with  yx   

)( 3G ),,(),,( zyxGyxxG  , for all Xzyx ,, , with zy   

)( 4G ),,(),,(),,( xzyGyzxGzyxG  (Symmetry in all three variables) 

)( 5G ),,(),,(),,( zyaGaaxGzyxG   , for all Xazyx ,,,    (rectangle inequality) 

Then the function G  is called a generalized metric , or more specially a G - metric on X , and the pair 

 GX ,  is called a G −metric space. 

Definition 1.2: Let ),( GX  be a G - metric space and let }{ nx be a sequence of points of X , a point Xx

is said to be the limit of the sequence }{ nx , if 0),,(lim
,




mn
mn

xxxG , and we say that the sequence }{ nx  

is G - convergent to x  or  }{ nx G -converges to x .  
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Thus, xxn   in a G - metric space ),( GX  if for any 0  there exists Nk   such that 

),,( mn xxxG  , for all knm ,  

Proposition 1.3: Let ),( GX  be a G - metric space. Then the following are equivalent: 

i ) }{ nx  is G - convergent to x  

ii ) 0),,( xxxG nn  as n  

iii ) 0),,( xxxG n  as n  

iv ) 0),,( xxxG mn  as  mn,  

Proposition 1.4 : Let ),( GX  be a G - metric space. Then for any x ,y , z , a in X  it follows that  

i) If 0),,( zyxG   then zyx   

ii) ),,(),,(),,( zxxGyxxGzyxG   

iii) ),,(2),,( xxyGyyxG   

iv) ),,(),,(),,( zyaGzaxGzyxG   

v)  ),,(),,(),,(
3

2),,( zyaGzaxGayxGzyxG   

vi)  ),,(),,(),,(),,( aazGaayGaaxGzyxG   

Definition 1.5: Let ),( GX  be a G - metric space. A sequence }{ nx  is called a G - Cauchy sequence if for 

any 0  there exists Nk   such that  ),,( lmn xxxG  for all klnm ,, , that is 0),,( lmn xxxG
 

as .,, lmn
 

Proposition 1.6: Let ),( GX  be a G - metric space .Then the following are equivalent: 

i ) The sequence }{ nx  is G - Cauchy; 

ii ) For any 0 there exists Nk   such that ),,( mmn xxxG for all knm ,  
Proposition 1.7: A G - metric space  ),( GX  is called G -complete if every G -Cauchy sequence is G -

convergent in ),( GX . 

Definition1.8: A function  : ),0[),0[   is said to an altering distance function if it is continuous , non-

decreasing and  0)( t  if and only if  0t  

 

II. Main Result 

Theorem 2.1: Let ),,( GX  be a complete G-metric space and XXT :  be a self map satisfying  

           TxyxmPTxyxTxyxxTTyTxG ,,,,,,,, 2  
                                            

(2.1.1)  

for all Xyx ,  with yx  ;     ,0,0:,  are both continuous , non-decreasing functions with 

   tt   0  if and only if  0t and   tt    for all 0t . Let 0P  

also           TxxTTxGxTTyyGTyTxxGTxyxGTxyx ,,,,,,,,,,,.max,, 22  

 
       
      









TyTyTxGTxTxyGTyTyxG

TxxTTxGxTTyyGTyTxxGTxyxG
Txyxm

,,,,,,,,

,,,,,,,,,,,,
.min,,

22

 If there exists 

Xx 0  such that 00 Txx   then T has a unique fixed point in X. 

Proof: Let 0x  be an arbitrary point in X. Define the sequence  nx as 1 nn Txx . 

Let  121   nnnn Txxxx  

By setting 1 nxx  ,  nxy   ,  1 nxTx   in (2.1.1) ,   

     2111 ,,,,   nnnnnn xxxGTxTxTxG   

                                           
        111111 ,,,,,,   nnnnnnnnn xxxmPxxxxxx 

       
(2.1.2) 
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where 

 
       

      














nnnnnnnnn

nnnnnnnnnnnn

nnn
TxTxxGTxTxxGTxTxxG

TxTxxGTxTxxGTxTxxGxxxG
xxxm

,,,,,,,,

,,,,,,,,,,,,
.min,,

1111

11111111

11

 

                              0  

          1111111111 ,,,,,,,,,,,.max,,   nnnnnnnnnnnnnnn TxTxxGTxTxxGTxTxxGxxxGxxx

 

                             
        nnnnnnnnnnnn xxxGxxxGxxxGxxxG ,,,,,,,,,,,.max 21211111   

                             
    2111 ,,,,,.max  nnnnnn xxxGxxxG  

If     2111 ,,,,   nnnnnn xxxGxxx  , then   

        212121 ,,,,,,   nnnnnnnnn xxxGxxxGxxxG   , which implies that    

   0,, 21  nnn xxxG
 
and  hence,   0,, 21  nnn xxxG  

i.e. 21   nnn xxx  , which is a contradiction  to the initial assumption. 

Therefore only possibility is that    1111 ,,,,   nnnnnn xxxGxxx  

Therefore          111121 ,,,,,,   nnnnnnnnn xxxGxxxGxxxG 
                                

(2.1.3) 

i.e.      1121 ,,,,   nnnnnn xxxGxxxG   

Since    is non-decreasing , therefore    1121 ,,,,   nnnnnn xxxGxxxG   , for  1n . 

i.e. The sequence   21 ,,  nnn xxxG  is decreasing and positive. Therefore it will converge to some positive 

number say  0r . 

Therefore taking limit as  n  in (2.1.3) implies that )()()( rrr   ,  

it implies 0)( r  and hence 0r . 

   0,,lim 21 


nnn
n

xxxG
                                                                                                                   

(2.1.4) 

Also by using )( 3G one can write ,   0,,lim 11 


nnn
n

xxxG                                                                (2.1.5) 

Now, to show that   nx  is a G-Cauchy sequence. 

On the contrary assume that , nx  is not a G-Cauchy sequence. 

Therefore there exists an 0  for which the subsequences  )(imx  and  )(inx of  nx can be obtained with  

iimin  )()(  such that   )()()( ,, imimin xxxG
                                                                           

(2.1.6) 

Also corresponding to )(im , one can find )(in  in such a way that it is the smallest integer with )()( imin   

and satisfying (2.1.4) then   )()()1( ,, imimin xxxG
                                                                           

(2.1.7) 

By using (2.1.6) and rectangular inequality ,it can be written that 

     )()()1()1()1()()()()( ,,,,,, imimininininimimin xxxGxxxGxxxG    

                                               
    )1()1()( ,, ininin xxxG

                                                              
(2.1.8) 

Also ,    )()1()1()1()1()( ,,,,0 inininininin xxxGxxxG    

Applying  limit as i  and using (2.1.5) ,    0,, )()1()1(  ininin xxxG
                                      

(2.1.9) 

Therefore by using (2.1.8) we have ,   


)()()( ,,lim imimin
i

xxxG
                                                   

(2.1.10) 

Again by using rectangular inequality, one can write 

       )()()1()1()1()1()1()1()()()()( ,,,,,,,, imimimimimininininimimin xxxGxxxGxxxGxxxG    

       )1()1()()()()()()()1()1()1()1( ,,,,,,,,   imimimimimininininimimin xxxGxxxGxxxGxxxG  

Applying limit as i and using (2.1.9) , (2.1.10),  
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  


)1()1()1( ,,lim imimin
i

xxxG
                                                                                                       

(2.1.11) 

Now , by using (2.1.2) , (2.1.6) and (2.1.7) ,  

     )()()()2(

2

)1()1( ,,,, inimininimin xxxGxTTxTxG  
 

                                           

     
  )2()1()1(

)2()1()1()2()1()1(

,,

,,,,









inimin

inimininimin

TxxxmP

TxxxTxxx 

            (2.1.12)

 

where 

 

   
   
   
  




































)1()1()1(

)1()1()1()1()1()1(

)1()2(

2

)1()2(

2

)1()1(

)1()1()1()1()1()1(

)2()1()1(

,,

,,,,,,

,,,,,,

,,,,,,

.min,,

imimin

ininimimimin

ininininimim

iminininimin

inimin

TxTxTxG

TxTxxGTxTxxG

TxxTTxGxTTxxG

TxTxxGTxxxG

Txxxm
 

For  limit as i and using (2.1.9)   ,   0,,lim )2()1()1( 


inimin
i

Txxxm
                                     

(2.1.13) 

 

                                                                                            

 

 
   
   


















)1()2(

2

)1()2(

2

)1()1(

)1()1()1()1()1()1(

)2()1()1(
,,,,,

,,,,,,
.max,,

ininininimim

iminininimin

inimin
TxxTTxGxTTxxG

TxTxxGTxxxG
Txxx

 

                                               

   
    
















)()()()()()1(

)()()1()()1()1(

,,,,,

,,,,,,
.max

ininininimim

iminininimin

xxxGxxxG

xxxGxxxG
 

Applying limit as i , using (2.1.9) and (2.1.10) , 

    


0,,,,,lim )2()1()1( inimin
i

Txxx
                                                                                

(2.1.14) 

 

Therefore from (2.1.12) as i  , using (2.1.13) and (2.1.14) , we get  )()()(   ,  

it implies that  0)(  i.e. 0  , which is a contradiction as  0  . 

Therefore   nx  is a G-Cauchy sequence. 

Since X is a complete G-metric space , nx  converges to some Xu  . 

                      Therefore     0,,lim,,lim 


uuxGuxxG n
n

nn
n                                                         

(2.1.15) 

Now , to show that  u  is fixed point of  T. 

Replacing 11 ,,   nn xTxxyux in  (2.1.1) ,  

  11 ,,  nn TxTxTuG         TuxumPTuxuTuxu nnn ,,,,,, 111                    (2.1.16) 

where 

 
       

      














11111

111111

1
,,,,,,,,

,,,,,,,,,,,,
.min,,

nnnnn

nnnnnn

n
TxTxTuGTuTuxGTxTxuG

TuTxTuGTxTxxGTxTuuGTuxuG
Tuxum  

Taking limit as n  implies   0,,lim 1 


Tuxum n
n  

          TxxTTxGxTTyyGTyTxxGTxyxGTxyx ,,,,,,,,,,,.max,, 22  

Also ,           TuTxTuGTxTxxGTxTuuGTuxuGTuxu nnnnnnn ,,,,,,,,,,,.max,, 1111111    

Taking limit as  n ,       }),,(,,,max{,,lim 1 TuTuuGTuuuGTuxu n
n



  

   uTuuGuuTuG ,,,,   

As   n from (2.1.16) ,          0,,,,,,  TuuuGTuuuGTuuuG   
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i.e.         TuuuGTuuuGTuuuG ,,,,,,    , it implies that    0,, TuuuG  

i.e.   0,, TuuuG i.e. uTu   

Hence  u  is fixed point of T. 

Now , to prove  the  uniqueness of   u. 

If  possible , assume that  v  is another fixed point of T. 

Therefore consider ,      TvTuTuGTvuuG ,,,,    

                                                           
        vuumPvuuvuu ,,,,,,                        (2.1.17) 

where 

                TuTuvGTuTuuGTuTuuGTuTvTuGTvTuuGTuTuuGTuuuGvuum ,,,,,,,,,,,,,,,,,,,,.min,, 

Therefore      0,, vuum  

          TxxTTxGxTTyyGTyTxxGTxyxGTxyx ,,,,,,,,,,,.max,, 22  

and           TuTvTuGTvTuuGTuTuuGTuuuGvuu ,,,,,,,.,,,.max,,   

                     
    uvvGvuuG ,,,,,.max  

                     
 vuuG ,,       uvuGuuvGuvvG ,,,,,,,   

          0,,,,,,  vuuGvuuGvuuG  , it gives    0,, vuuG  

i.e.   0,, vuuG , and hence it implies that  vu  . 

Hence  u  is the unique fixed point of  T. 

 

III.  Application 
As an application of the Theorem 2.1, consider the problem of existence and uniqueness of an initial value 

problem defined by a non linear heat equation in one dimension. Such an initial value problem is defined as 

follows: 

)()0,(

0,,),,,(),(),(

xxy

TtxyutxYtxytxy xxxt





                                              (3.1) 

where is assumed to be continuously differentiable,  and  
'  bounded , ),,,( xyytxY is continuous 

function. 

Definition 3.2: A solution of the initial value problem (3.1) is any function ),( txyy  defined in IR , 

where ],0( TI  , C  is the set of all continuous functions defined in IR satisfying the equation and the 

condition in (3.1) and also the conditions: 

(i) )( IRCy   

(ii) xt yy ,  and )( IRCyxx   

(iii) y  and xy  are bounded in IR  

Consider the space X defined as ,X })(,:),({  uandIRCuutxu x  

where the norm on this space is defined as , ),(sup),(sup
,,

txutxuu x
ItRxItRx 

                 (3.3) 

The set X endowed with the norm . defined in (3.3) is a Banach space. Define a G-metric 

on  X as follows: 

),(),(sup),(),(sup),(),(sup

),(),(sup),(),(sup),(),(sup),,(

,,,

,,,

txwtxutxwtxutxwtxv

txwtxvtxvtxutxvtxuwvuG

xx
ItRxItRx

xx
ItRx

ItRx
xx

ItRxItRx








 

Then   GX ,   is a complete G-metric space . Define also a partial order  on X as  

vu, X  , ),(),(,),(),( txvtxutxvtxuvu xx  , for any Rx and It  . 
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It can be easily verified that every pair of elements in X has a lower bound or an upper bound. For any vu, X 

max },{ vu  and min },{ vu are the lower and upper bounds for u and v respectively. Let }{ nv X be a 

monotone non-decreasing sequence which converges to v in X . 

Then, for any Rx and It  , we have 

 ),(),(),( 21 txvtxvtxv n and  ),(),(),( 21 txvtxvtxv nxxx  

Moreover, since the sequences )},({ txvn and )},({ txvnx of real numbers converge to ),( txv and ),( txvx

respectively ,for all ItRx  ,  and 1n  the inequalities ),(),( txvtxvn  and  ),(),( txvtxv xnx 

hold. Therefore vvn   for all 1n  and hence the set ( X,  ) with the G-metric defined above satisfies 

vvn   , for all 1n . 

Definition 3.4: A lower solution of the initial value problem (3.1) is a function y X such  that 





xxxy

TtxyytxYtxytxy xxxt

,)()0,(

0,,),,,(),(),(


 

where the function   is continuously differentiable , both   and  
'  are bounded , the set X is the set defined 

above and ),,,( xyytxY  is continuous function. 

Consider the following theorem for the solution of  the initial value problem (3.1). 

Theorem 3.5: Consider the problem (3.1) and, assume that RRRIRY : is a continuous function. 

Suppose that the following conditions hold: 

(1) For any 0  , the function ),,,( pstxY , where s  and p  is uniformly continuous in x 

and  t , for each compact subset of IR . 

(2) There exists a constant 

1

2

1

2

1

1 2
3

1

















 TT   , such that 

)1(),,,(),,,(0 121211122  ppssInfpstxYpstxY   

for all ),( 11 ps and ),( 22 ps in RR  with 21 ss   and 21 pp  . 

(3) Y is bounded for bounded s and p. 

Then the existence of a lower solution for the initial value problem (3.1) provides the existence 

of  the unique solution of the problem (3.1). 

Proof: It is clear that the problem (3.1) is equivalent to the integral equation 

 










t

ddytyYtxkdtxktxy
0

)),(),,(,,(),()(),(),(    

for all Rx  and Tt 0  , where the function ),( txk is the Green’s function of the problem defined as 










t

x

t
txk

4
exp

4

1
),(

2


 , for all Rx and t0 .  

The initial value problem (3.1) has a unique solution if and only ifthe above integral equation has unique 

solution y such that y and xy are continuous and bounded for all x R and 0<t ≤ T. 

Define a mapping XXf :  by  

  ddyuYtxkdtxktxyf

t

  









0

)),(),,(,,(),()(),(),)((  

for all Rx and It  .  

The fixed point y X of a function f  is a solution of the problem (3.1) , where f  is non-decreasing as by 

condition (2) of  Theorem 3.5  for zy  and xx zy  , one can write 

)),(),,(,,()),(),,(,,( txztxztxYtxytxytxY xx   
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Since 0),( txk  for all IRtx ),( ,  

  










t

ddtytyYtxkdtxktxyf
0

)),(),,(,,(),()(),(),)((    

                     
   











t

ddtztzYtxkdtxk
0

)),(),,(,,(),()(),(    

                        = ),)(( txzf  

i.e. ),)((),)(( txzftxyf   , for all Rx and It  . 

Also, ),)((),)(( txzftxyf   

       

 






t

ddzzYyyYtxk
0

)),(),,(,,()),(),,(,,(),(    

       

  ddzyzytxk

t

)1),()),(),(),(inf(),(
0

1   




 

       

 ddtxkfyzyG

t

 



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0

1 ),()1),,(inf(  

      
TfyzyG )1),,(inf(1                                                                                                                 (3.6) 

where )1),(),(),(),(inf(    zyzy  

)1),(),(sup2),(),(sup2inf(
,,



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zyzy
IRIR

 

)1),,(inf(  fyzyG                                                                                                                             (3.7) 

and  






t

Tddtxk
0

),(                                                                                                          (3.8) 

Since every pair of elements of X having lower bound  or an upper bound and for every yx, X there exists 

z X which is comparable to both  x and  y. Therefore , either z  or fy  are comparable or there exists some 

u X which is comparable to both z  and fy . 

In either case , it can be shown that 

TfyzyGtxyftxfz )1),,(inf(),)((),)(( 1

2                                                                            (3.9) 

and TfyzyGtxyftxfy )1),,(inf(),)((),)(( 1

2   for all zy 
                                           

 (3.10) 

By using differentiation under integral sign , 

 


















t

ddtx
x

k
fyzyGtx

x

fz
tx

x

fy

0

1 ),()1),,(inf(),(),(   

2

1

2

1

1 2)1),,(inf(


 TfyzyG                                                                                                        (3.11) 
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


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







t

ddtx
x
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fyzyGtx

x
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x
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1

2

),()1),,(inf(),(),(   

2

1

2

1

1 2)1),,(inf(


 TfyzyG 
                                                                                                    

 (3.12) 
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2

1

2

1

1 2)1),,(inf(


 TfyzyG 
                                                                                                     

 (3.13) 

Using (3.6) , (3.9) and (3.10) with (3.11) , (3.12) and (3.13) , it is concluded that 

)1),,(inf()2(3),,( 2

1

2

1

1

2 


fyzyGTTyffzfyG   

                              
)1),,(inf(  fyzyG                                                                                                (3.14) 

Define     ,0,0:,  both continuous , non-decreasing functions with )(0)( tt   if and only if  

0t and tt )(  for all 0t . 

From (3.14) , ),,()),,(( 22 yffzfyGyffzfyG   

i.e. )),,(()),,(()),,(()),,(( 2 fyzymPfyzyfyzyyffzfyG   is the contractive condition of 

Theorem 2.1 and  , m are having same value as Theorem 2.1. 

If  faa   then ),( txa  is a lower solution of (3.1). 

For    and t 0  , we have 

 










t

ddaaYtxkdtxktxa
0

)),(),,(,,(),()(),(),(    

           = ),)(( txfa  , for all Rx  and ],0( Tt  

Therefore by Theorem 2.1 f has a unique fixed point. It completes the proof. 
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