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Abstract: We obtain infinitely many non-zero integer triples (x, y, z) satisfying the non-homogeneous bi-

quadratic equation with three unknowns
422 3 zyxyx  . Various interesting properties among the values of 

x, y, z are presented. 

Keywords: Ternary bi-quadratic, Integer solutions. 

----------------------------------------------------------------------------------------------------------------------------- --------- 

Date of Submission: 07-08-2018                                                                             Date of acceptance: 22-08-2018 

----------------------------------------------------------------------------------------------------------------------------- ---------- 

 

I. Introduction 
The theory of Diophantine equations offers a rich variety of fascinating problems. There is a great 

interest for mathematicians since antiquity in homogeneous and non-homogeneous bi-quadratic Diophantine 

equations [1-4]. In this context, one may refer [5-10] for varieties of problems on the bi-quadratic Diophantine 

equations with three variables. In [11-15], bi-quadratic equation with four unknowns are studied for their 

integral solutions. This communication concerns with yet another interesting ternary bi-quadratic equation given 

by 
422 3 zyxyx  and is analysed for its non-zero distinct integer solutions. Also, a few interesting relations 

between the solutions are presented. 

 

II. Method of analysis 
The ternary bi-quadratic Diophantine equation to be solved for its non-zero distinct integral solutions is given by  

422 3 zyxyx                                                   (1) 

Introducing the linear transformations 

 
vux   , vuy                        (2) 

in (1) leads to 
4225 zvu                                        (3) 

We present below different methods of solving (3) and thus obtain different patterns of  integral solutions to (1). 

 

PATTERN: 1 

 One may write (3) as 
2222 )(5 zvu                                               (4) 

Assume 
22),( babauu             (5) 

Write 5 as 

)2)(2(5 ii                            (6) 

Substituting (5) and (6) in (4) and employing the method of factorization, define 
22 ))(2( ibaiizv   

Equating real and imaginary parts, we have 

abbav 2)(2 22                          (7) 

abbaz 4222                          (8) 

The solution to (8) is 
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pqb

pqqpa

2

45 22

           (9) 

225 qpz                    (10) 

Substituting  (9) in (5) and (7) , we get 

qppqqpqpu 332244 4083025   

qppqqpqpv 332244 1002060250   

 In view of (2), we have  











qppqqpqpy

qppqqpqpx

332244

332244

60123025

1402890375
              (11) 

Thus (10) and (11) represents non zero distinct integer solutions to (1). 

 

Properties: 

          1. )2(mod075Pr9014),1()(3 2

,4  qqq SOqxt  

          2. )2(mod012),1(3),1(  qOHqyqx  

          3. 0)(48),(3),( ,4  qtqqyqqx  

 

PATTERN: 2 

Rewrite (8) as 
222 5)2( zbba   

222 5)2( zbba   

1)2(5 222  bazb                            (12) 

Assume
22 52  ba                  (13) 

Write 1 as 

9

)52)(52(
1

ii 
                  (14) 

Substituting  (13)  & (14) in (12) and employing the method  of factorization, define 

2)5)(52(
3

1
5  iibiz  

Equating the real and imaginary parts, we have  














)54(
3

1

)10102(
3

1

22

22

b

z

               (15) 

As our interest is on finding integer solutions, replacing   by P3  and    by Q3  in (13) and (15), we get 











PQQPb

PQQPa

12153

24753

22

22

                 (16) 

PQQPz 30306 22                    (17) 

Substituting (16) in (5) and (7), we get  

QPPQQPQPu 332244 7239601080585018   

QPPQQPQPv 332244 360900021601305018   

In view of (2), we have  











QPPQQPQPy

QPPQQPQx

332244

33224

288504010800720036

43212960324018900
                          (18) 

Thus (17) and (18) represents non zero distinct integer solutions to (1). 
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Properties: 

            1. )2(mod07200Pr1080144)(36)1,( 2

,4  PPP SOtPy  

            2. )2(mod0Pr30),1(  QQz  

            3. 0)(9612),( ,4  PtPPx  

 

PATTERN: 3 

In addition to (14), one may write 1 as 

49

)532)(532(
1

ii 
          (19) 

Substituting  (13)  & (19) in (12) and employing the method  of factorization  define 

2)5)(532(
7

1
5  iibiz  

Equating the real and imaginary parts , we have  














)1534(
7

1

)30102(
7

1

22

22

b

z

          (20) 

As our interest is on finding integer solutions, replacing   by P7  and    by Q7  in  (13) and (20) , we get 











PQQPb

PQQPa

2810521

564557

22

22

               (21) 

PQQPz 2107014 22                 (22) 

Substituting  (21) in (5) and (7) , we get  

QPPQQPQPu 332244 392568405880218050490   

QPPQQPQPv 332244 1960127400117604875501078   

  In view of (2), we have  











QPPQQPQPy

QPPQQPQPx

332244

332244

23527056058802695001568

156818424017640705600588
        (23) 

Thus (22) and (23) represents non zero distinct integer solutions to (1). 

 

Properties: 

            1. )197(mod070)1,( ,30  PtPz  

            2. )2(mod0269500Pr58801176)(1568)1,( 2

,4  PPP OHtPy  

            3. )2(mod0588Pr1764092120)(705600),1( 2

,4  QQQ SOtQx  

NOTE:  

It is worth to note that in addition to (14), one may write 1 as 

81

)541)(541(
1

ii 
          (24) 

Following the procedure as presented above, the corresponding non-zero distinct integer solutions to (1) are 

given by 

 QPPQQPQPx 332244 972199260729019986751701   

QPPQQPQPy 332244 22687614024307634254455   

PQQPz 360459 22       

 

Properties: 

            1. )2(mod045)1,( ,20  PtPz  

            2. 0)(1121040),(),( 2

,4  PtPPyPPx  
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            3. )2(mod01998675Pr7290486)(1701)1,( 2

,4  PPP SOtPx
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